Example 1. Find the eigen values and corresponding eigen .

. 2\‘
\2 4

(1 20
Sol. Let A=

2 4

( -
Now 1= 0} = AI=(” O)
/

A_Jl= 1-4 2
2 4—,

characteristic equation of matrix Als [A-11|=9
-] 2
2 4-)

or -0

or (1-2) (4-2)-2) 2)=90
or 12—52.+4—4=O or 12—5)=0
or A(A-5)=0 |

A=0,5 are the eigen values of A.

X

The eigen vectors X = g )
== . . 3 ;U{
y =0 corresponding to the eigen values#

AX =X or (A-0)X =0

or AX=0
(l 2) x 0
\ 2 4 y ~(0]
[ 2‘}(x (0“
we | | = :
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l~ - i n
wow the coefficient matrix of these equation is of rank 1 There!

have only2- 1= I LI solution. Thus there 1s only one 1.1, eipen ver
the 21Zen value 0. These equations can be written as
r+2y=0 => x=-2y»
Take y=1
x=-2

-
X=] J is an eigen vector of A corresponding to the eigen valuc 0.

L

%
)’J # O corresponding to the eigen valuc /.

AX=5Xor (A-51)X=0

The eigen vector X = (

2 206
« (3206 - (6 R

Qy=p=0 o ==
’ 2

Take y=2. .. x=1
11: : :
e is eigen vector corresponding to eigen value 5.

e 2. Determine eigen values and the corresponding eigen-vectors for the matrix

Exampl
1 0 -1
A=[1 2 1} (H.P.U.2013)
2 2 3
I 0 el
Sol. A=|1 2 |
' 2 2 3
10 0 (4 0 0]
b=lo ) ofwil=|0 4 0
00 0 0 A
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aracteristic equation ol /A a1 a3

} -~ 4 0 | |
or | 2-4 1 | ~0
> - 3~ Al
- - . |
| | [
» _ 2 | p 4
LY [+ (1) =0
or (! ). 5 3_23 ;2 ” |
or (I-A)[2-A)C-4)-2]-[2-2(2-A)]=0
or (I-A)(A2 =54+4)-2-44+22)=0
or A +64°-914442-24=0

or 1A -6 +111-6=0
PutZ=1in(1).
1-6+11-6=0 or 0=0

A=1lisarootof (1).

1/l -6 11 -6
] = 6
;1 -5 6 [Q

.. remaining roots of (1) are given by

rJ

A

=5A+6=0 or (A-=2)(A—3)=0

-

Y =2.3

- rootsof (1) are 2 = 1, 2, 3, which are eigen values of given matrix A.

|

&

The eigen v = . "
cigenvector X = | y |2 QO corresponding to eigen value 2 = 1 is given®

AX=AX or A=-DX=0
r -
lo 0 - {x] 0]
or | o !'"'i: 0!
i' - " 6-! | :j LOI
. il 0
or (00 <1y 100 by R @R,
;’ 2 21z 0 ‘
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or (0 O i Vv 00 by R{ yROOR
1 |t po=lY

X |
. § v ’ 1 = 2 iS ojven b}
The eigen vector X = | y | # O correspondings to e1gen value £ o

-
-

=AX or (A-21X=0

1 0 -1][x] fo
or|{ I O 1|l y]|=
2 2 1| =
"1 0 1[x] [ol
or|{-1 0 =1{y[=[0]. byR]<—>R2
2 2 | ZJ 0
10 1 0
or{0 0 0 0{, by R —>RZ+R|,R3—->R3_‘_)_R|
> -1 0

0

10 1“\' 01
or [0 2 ~1] v OJ, by R, > R,

a1
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[-2]

SoX = i 1 | is an eigen vector of A.
|
L

2
J

-

S—

I -
y|#0 correspondings 10 €1

gen value A = 3 1S gIven by
e

The eigen vector X =

AX=4iX or (A-3DX=0

(2 0 -1

(] " =
I
[ T o T

y= -;— —:;:
Take z= -2 x={, y==]
1]
S X = | =1 isaneigen vector of A.

P
-
-

Example 3. Determine the characteristic roots and characteristic vectors of the mai™

8 -6 2
< 7T «d4],
| ¥o«4 3

il
(G N D UL 2008, 2009
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r 8 -6 2]
Sel. Let A =[(-6 7 -4 ;
| 2 -4 3]
(A 0 0
il=l0o i 0
0 0 4]
8-4 -6 2
A-Al=| -6 7-2 -4
| 2 -4 3-2
characteristic equation of matrix Ais|[A-A1|=0
8- -6 2
or -6 7-4 -4(=0
2 —4  3-2
or B-A{(7-2)B-4)-16}+6{-6(3-4)+8}+2{24-2(7-4)5 =0
or (8-A){A*—10A+5}+6{64-10}+2{24+10} =0
or P+ 1827-854+40+364-60+4/+20=0

or -A'+184°-454i=0

or A —1877

+454=0

A(A2-184+45)=0

AA-3)(A-15=0
A =0,3, 15 are the characteristic roots of A.

The eigen vector X =

AX =0X
= (A-0)X
= AX
8§ -6
= - 7
) -4
- (‘
i
{ B 0

X

-

&

=0
=0
21[ x 0
4l y|=]0
311 2 0
3 x 0
=4y 7|0 by R =R,

y | # O corresponding to the eigen value 4 = 0 is given by
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2 -4 3][ - 0
= 'E) s N [" =10, byR;=R:" IR, Ry = Ry~ 4R,
0

-4 3][x 0 |
» 0o -5 Si{y| =10 by Ry = Ry 2R;
0 0 0]f:= 0
: s is of rank 2. Therefore y

Now the coefficient matrix of these equation : :
> = 1 LI solution. Thus there is only one L1 eigen ve,

uations have only 3 - ' -
& ations can be written as

corresponding to the eigen value 0. These equ

2x-dy+3z=0

-5y+5:z=0 = y=:
Take y=z=|
2x-4+3=0 =°x=%
-_'_-
X= .‘lZ is an eigen vector of A corresponding to the eigen value 0.
l

If ¢, is any non-zero scalar, then ¢, is also an eigen vector of A correspondi

to the eigen value 0.

X
The eigen vector X =| y | # O corresponding to the eigen value A = 3 is given by

-

-
-

AX=3X or (A-3DX=0 N
[ 5 -6 2] x ]
or -6 4 -4yl =
2 -4 0]l x

0
0
i Jlz) (o
(-1 -2 =21Tx] To
or -6 4 4|y 0
0

2 -4 0] 2

uby R"’Rll} R2

(-1 =2 -2« 0

or 0 16 8yl =10 yhy Ry - R, - OR,, Ry = Ry + 2R,
(0 8 4z 0
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{—l -2 =2|[x] [o]

\ 0 : oyl =]

or 0 16 8;3;“ | © 0|.byR; =R, + .,l‘,R3
o o oll:| |o] ¢

The “‘efﬁc‘ef‘t matrix of ‘h“f’ equations is of rank 2, Therefore these equation have
3 = | L.1. solution. These equations can be written as

-~
§ -

-4
X = | =2 is an eigen vector of A corresponding to the eigen value 3. Every
4
—4

non-zero multiple of | =2
4

is an eigen vector of A corresponding to the eigen value 3.

X

y|#O0 corresponding to the given value A = 15 is given by

The eigen vector X =

-
=

AX=15X or (A-151)X=0

'_7 -6 2- FI 0
or |-6 -8 —4|ly|=|0
2 -4 -12]|¢ 0
-—] 2 6- Fx— O
oo |l-6 -8 —4[|Y]|~T 0| by Ry >Ri—-R;
2llz] Lo
| 2 -4 12z ]
.—.1 2 6 x- 0
- 0 -0 —~ 40 y = | () .bsz"R2~6R|,R3—’R]+2R|

~ The coefficient matrix of these equations is of rank 2, Therefore these equations
e 13 = 1 L1 solution. These equations can be written as ' ‘
gty tO2 “ 0

- 30y 402 =0 LA A 2z

ke = I, o y=-2
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\ |

-x—-4+6=0 = x=2
2
X =/ -2 is an eigen vector of A corresponding to the eigen value |5
]

2

—

non-zero multiple of | -2 | is an eigen vector of A corresponding to the cigen val..
l

Example 4. Determine the eigen values and eigen vectors of the matrix :

6 -2 2
A=}]-2 3 =i
2 -] 3
(H.P.U. 2004, 2008, 2010; P.U. 2005, 2006, 2008: G.N.D.U. 2009, 2010; Pbi. U. 2013,
5 =2 2
Sol. A=[-2 3 -1
2 -1 3
A 0 0
Al=(0 4 0
0 0 A
6-A., =2 2
A—}.l= -2 3—)‘. -1
2 -] 3=A

6-A -2 2
or -2 3-4 -1 (=0
| 2 -1 3-A
6~ A -2 2
o 1 e A zu,‘ =), h)’ (“ -+ Ci+0Cy
: l - A
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