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Art-17. Cayley-Hamilton Theorem

(P.U. 2004, 2006. 2012; Pbi. . 2005, 2007, 2008, 2009, 2010. 2011, 2013;
H.P.U. 2004, 2005, 2007, 2010, 2013 ; G.N.D.U. 2006, 2007, 2009, 2010, 2011)
Statement. Every square matrix satisfics its characteristic equation.
Proof. Let A be any square matrix of order n, and its characteristic equation be
Pt At A+ L+ p, AT =0
We have to prove that A satisfies this equation
ie., p(,l+p1A+p2A2+...+p,,A"=O A1)
For proving this, we proceed as follow :
We know that (A —ADadj.(A-AD)=|A-A1]I [ Aadj. A=|A|l]
Let adj. (A—A1)=Bo+B A+ B2+ .+ By 4"~ '
we have, (A —A 1) (Bo+ By A+ By A2+ + By 2" )
=(potprA+pr it +. 4 py i1

Equating the coefficients of like powers of 4, we get,

ABo:POI
AB;’“BU:[)I I
AB:-BIZPZI

AB, 1 ~Bp2=pn-11

- Hn -1 5 Pn l
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Pre-multiplying above equations by L. A, A’.S... A" respectively and adding , we g

0=Pol+p1A+p;A2+... +p,,A",whichissamcas(l)-

Hence the theorem.

Art-18. Explain how inverse of a square matrix can be {0

theorem.
ix A sal
‘;quarc Hliﬂ”/ Vat sal1S11es

Proof : According 10 Cayley Hamilton theorem,
characteristic equation.

pol+p.A+pzA2+...+p,,A"=O

pre-multiplying both sides by A™', we get,

-1 o

poA"l+p|A"A+p2A"A2+...+p,,A A"=0
n | =
pQAF“"pll‘?'pgA“"'...Tp,-,A O
n-1
paA"=—(p|l+p2A+...+p,,A )

-1
Al =— (I + Pyt Py A"

Po
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EXAMPLES

] —2:| and henct

Example 1. Verify Cayley-Hamilton theorem for the matrix A = [] 4

(H.p.U. 2013

find A™'.
1 =2
Sol. A= 4}
L
10
. T
|_O | 0 A
el =2
| IA=Al] = 1= - -
i R (R ICERE
|
=44+ A2 -54+2=2 5146
- the characteristic equation of Ais |[A = A1{=0 or A2 -51+6=0

We have to prove that A satisfies this equation ie. A2 -~ SA + 6] = 0

_ o] wil
5 14
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~oncider AZ —SA+61 =1 o
Consider A SA + 61 FS 1 | _\!l )
[-I -10] (-5 107 [6

| 5 14 |-5 -20] |o

S "]‘5‘6 “lO*lO«LO—; rn

5-5+0 14-20+6 "{o

AZ-5A+61=0

- (1) is satisfied.
Hence the result.

Fom(1), AT (A2 -5A+6D)=A"" .0

L A-51+6A7'=0 =2 6 A =—A+5]

6A" = ]_2~+51 0
1 4 0 1
_f=3 2-_L50_—I+5
-1 -4| [0 5| |-1+0
gat =|% 2
-1 1
Al =_]_42
6|-1 1

o —

Example 2, Find the characteristic equation of the matrix A =

C /{4 ’ = o
yley Hamilton Theorem. Find A '

50!._ 3 4
,“ = 4 2
2 3..!
[ 1 0 0] A 0
Felo 1 0] = Al=|0
0 l_ 0 0
3

and verify

N A~ W
AW
W N A

(Pbi. U. 2013; G.N.D.U. 2010)
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*“'-;\i:f
e u"f;,i’
=2 '2 - % | .‘
iA-all=1{ 4 3-4 2
| 2 4 3-A
9-4 9-2 1 |
= 4 3_/: 2 ! 'l] R;"R]‘R P.
2 4 3“‘55
I .
=(9-2)|4 3-2 2 }
7 4 3=j
1 0 0 |
=9-4)|4 -1-4 -2/.byC,=»Cy-C,.C. =¢
2 2 |-;.}
= -2 | . 12
=(9-4) '2)‘ l_;[ =(9-2)[~1+4i+4)
v

SO-H@F+3)=_1+942_37 497

the characteristic equation of A is | A — 7 | =0

or -;.3+9;.2—3).+27=0

or 2'-932:3;_27=¢
We have 10 prove that A satisfies this equation
e, A'-9A'+3A_271-¢
3 2 43 2 4
NowA’=14 3 5ll, 302
2 4 3][2 4 ;3
i 9+8+8 6+6+16 1244412 25 28 2%
=112+12+4 8+9+8 16+6+46 | - 28 25 g
6+16+6 4412412 8+8+9 28 28 s
(25 28 28713 » 4
A'=128 25 28(|4 3 2
(28 28 25)|2 4 4
(754112456 04844112 90, 56+ 84 243 246 2‘95?
= 844100456 S64 754119 112450 4. 84 240 243 2814
_84'*]‘:4‘0 564 844110 1124 564 7% 246 240 243} |
Consider AT-9ATHIA-27) ‘
T2y 20 240] [28 28 2y % 2 i 0 o .
Pg0 24 246 -9128 25 2. Ha 2 2170 1@ ;
e MO0 241 28 28 2 2 4 3 0 0 1 i
wa 1
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243 246 240 (225 252 221 79 6 1271 [27 o
A0 243 246252 225 252(+[12 ¢ 4| 0 27
| 24 240 243“ [252 252 225 6 12 9 0 0
243 -225+9-27 246-232+6-0 240-252+12-0
L 1230-252+12-0  243-22549-27  246-25246-0
1 246-252+6-0  240-252+412-0 243-22549_97
w0 0
-{fo0 0 0]=0
n 0 O
result (1) is satisfied.
Hence the result.
rrom(1), A™1 (A° -9A% +3A-271)=0
> A2 -9A+31-27A"'=0
- 27 AT =A% —9A+3]
25 28 28 324/ [1 00
> 27A7" =128 25 28/ -9 (4 3 2[+3]|0 1 0
28 28 25 2 4 3 0 0 I
(25 28 28] [-27 -18 -36] 0 0
=28 25 28| +|-36 -27 -18|+ 3 0
28 28 25| [-18 -36 -27 0 3

L

(25 27 +3

28-18+0

3
0
0
28— 36 + OJ

~[28-36+0 25-27+3 28-18+0
2818+ 0 28-36+0 25-27+3
1 10 -8
T A 8 1 10
0 -8 1]
I 10 -8
\ s 10
'i’m 8§ |

P %‘liz 8

0 0 ]
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