Art-19. If m(x)and m.(x . Far e
l 2(X¥) be two polynomials of the lowest degree, With sz

coefficients, such that m, (A) = o, My (A) = O then each of m,(x), my(x) isascaa

multiple of the other.

Proof : Divide m>(x) by my(x) . Let g be the quotient and r(x) be the remainder.

my(x) = g my(x)+r(x)

where either #(x) = 0 or degree of r(x) is less than the degree of m2; (x) .
Assume that r(x) = 0.

From (1), my (A) = gm(A) +r(A)

= O0=0+rA)

= r"A)=0

so that A satisfies an equation of degree lower than that of »7; (x) . Thus, we arrive

a contradiction.
rix) =0
from (1), my(x) = g m, (x).

[ence the result.
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Hence the result,

Art-20. Minimal Polynomial and Minimum Equation
I m(x) be a scal

su.\_-]T that m(x) - ¢ is satistied by A i.e. m(A) = O, then the polynomial m(x} is calied e

nimal polynomial of A and m(x) = 0 is called the minimum equation of A.

Note. The de

that of its characteristic equation which is ».

Derogatory and Non-derogatory Matrices

An n-rowed matrix is said to be derogatory or non-derogatory, according as the

degree of its minimal equation is less than or equal to 7.

-

Art-21. If A(x) be any polynomial with scalar coefficients, ssxch that A(A) = O and if
m(x) = 0 be the minimal equal of A, then there exists a polynomial g(x) such that

h(x) = m(x) q(x)

i nd r(x) be the remainder.
et - ). Let g(x) be the quotient 8
. h(x) by m(x). Le
Proof: Divide

= g(x) m(x) 1)
h(x) = 4 (x) is less than the degree of m(x?.

- ree of r
where either r(x)=0or deg

r(x) # 0

Agsume that
) pA) = A

(A) +r(A)
prom (1)
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i O+ 1A

HA) =0

>

. that A satisfies an equation of degre

o that ¢ | ol degree lower th; ‘ ini

_ | ha g 1an that of the minimal equati
s WE MTIVE at a contradiction. | e
(ks

Ay) =0
alx) = mix) g(x).
(or. Mimimal polynomial is unique.
if possible. suppose that m, (x) .m, are two minimal polynomials of A.
e I';;;m’g ‘j:c‘;jg;e::2u(n-\i't)y'3"d m;(x) divides m(x). Since m(x) and m;(x)
mp(x) = my(x)
minimal polynomial is unique.
Art-22. Prove that
(i) each root of minimal equation of A is also a root of characteristic equation of A.

(i) the distinct roots of the characteristic equation of A are also the distinct roots of
the minimal equation of A.
(G.N.D.U. 2011)

Proof : (i) Let ¢@(x) = 0 be the characteristic equation and m(x) = 0 be the minimal

equation of A. Then
P(x) = gl(x) m(x).
= every root of m(x) = 0is also root of ¢(x) = 0.
() Let ¢@(x) = 0 be the characteristic equation
- 0 be the minimal equation of A.

omial L(x) such that

and m(x) -
there exists a matrix polyn
m(x) 1= (A —X 1) L{x)
im(x) 1] =] A= x 1] L)
> b)) = @(x) [ L) |
-0 is also a root of {m(.r)}” ~ () and thus also of m(x) = 0.

{ characteristic equation ¢(x) = 0 only once, the set
- 0. The roots of these two polynomials

= each root of @)

Yot 1. Counting each repeated root ©

W it sats of 31) - 0 is the same as that of m(x) -

“anandy #f¥er n respect of theit multipheities. »
quation of an n-rowed matrix A are all different.

¢ and, in fact, apart from the consti
o matrix 8

Tl T e roote of the characternistic ©

Bert (e aviiimal sauation (8 slso of mh degre 0]
nad 4} _ IR
& anineides with the o o ted st equation and, s such, th

2 £ i i
sl adar.
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gvample 1. Find the characteristic equation and the minimal equation o« .,

8 -6 2
A=|-6 7 =4},
2 -4 3
Also show that A is non-derogatory.
8 -6 2
Sol. A=l -6 7 -4

2 -4 3

L]
o Qo

S
ot

-4 3-3

The characteristic equation of Ais [A 4 = 0

{8-—1 -6 2
or } -6 7-4 _4i=g
2 -4 3.,

o @1 A -4

| -4 3-2

(-6 "6 -4
ol

or (8= A[(7-GE-2) -

2 ‘.‘"8"'22 —.2 —_4 = {)
o (8= A)[F - 104+2 - )+ 8]+2 (24 -2 (7-4)

‘ I6]*6(
or (8 »A)(i'—mi*ss,)&o((,)‘

or —-i'+184°-8s2

~18464+8)+224—14+24)=0
~10)+222+ 10)=¢

| T04364-604 44499~ g

or -4 <181 -48i=g or

U=~ 182% 4451 =0
A -3 - 15)-0

. Mots of A
Lve the charactenstic roots of A
PURA are all difye
ent,

or  A(4 -181:4%)=0 -

=03 1% are the characterigic

el ’ 1 h ;
nhmal equation of A iy 42 o gy Al dsaep

i Jegree of characieristie SQuation of Kand meinims! Nl"‘"w

b ad
TI8.1 i‘(‘h‘g‘\“'?\' ;i

¥ t8
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grample 2. Find the minimal polynomial of the matrix -

1 BRP- .
A=lo s -3
10 0 =2
(G.N.D.U. 2007. H.P.U. 2011)
<ol The given equation 1s
1 -2 3
A=10 5 =3
0 0 -2
(1 0 0 A0 0
=10 1 0| = Z1=|0 i o0
00 1 0 0 2
Fj-1 -2 3
A-Ll= 0 5-4 -3
L 0 0 —2—)»
The characteristic equation of Ais |A-A1|=0
]—)v —2 3
or 0 5-4 -3 |=0
0 0 -2-2
or (1-A)(5-2)(=2-4)=0 [Product of the diagonal elements]
or A-1DNA-5@A+2)=0
or (A-6A+5)(A+2)=0
or A-4A2-71+10=0
Itsrootsare 1, 5,-2
Since the characteristic roots of A are all different.
. v il gl -
minimal equation of A is A" =4 A" =7 A+10 =0.
5 -6 -6 . o
Example 3. If A = | -1 4 2 |, find the minimal polynomial of A. Find A",
3 -6 -4

g the minimal poly nomial.
(GN.D.UL 2006)

r 5 - 0 we €
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Ty 0 07 1..}. 6 o
1 | , .
1=]0 1 0= Al=L0 2 ¢/
- i ! o
L0 o 1} L0 0 ’-J
[s-4 -6 -6 |
A-Al =| =1  4-A 2

3 -6 —4-7 |

-

The characteristic equationof Ais [A -/ 1 =g

'5-4 -6 -6 |
!-l 4-4 2 Ezn
L3 -6 -4-)|
L 4= 2 | | . 4
or (5-/.)i |-~(—6);*I 2 6 -1 -4-;
-6 -d4-4 1 3 il 3
- | 2 ~ I ¢ =0

(5—&)[(4—1)@4~})412]-6|(-|)(—4—i;~6]—6[6—3(4—;
(B=A)(A =16 +12)+6 (4 +2=6)=6(6- 12+ 37}~ 0

~

&Y 2 . 42 R
T4A+S5A-20+64-12-184436-0

8 8 8 8 ]
[
™

Putting 4 = 1 in (1). we get
|l =5+8=4=0 or 0=0
A=1lisaroofof (1)

1 1 ) 8 -4

remaining roots of (1) are given by
F—4i+4=0
X @=2r=0 or i=2.2
A= 1,2, 2 are roots of characteristic equation of A,
Distinet roots of characteristic equation of A are 1, 2.
1.2 are also reots of minimal equation of A

munimal palynomial of A is either

WD) je Adr:2 ord’=sA? 080wy

Ny At w 3 A 2
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13 -18 -18] 5 -6 —61
-3 10 61 -3|-1 4 2 1.
é_ O -18 14| | 3 —6 _4|
13 -18 18] [-15 18 187
N |
-1 -3 10 6 |~ 3 -12 -6 |-
L9 18 14| | -9 13 12
—13+15+2 —18+1840 —18+18+0
-3+3+0 10-12+2 6-6+0
9-9+0 -18+18+0 -14+12+2
‘~)1A"7|-
minimal equation of Ais 4> - 34i+2=0
Now A -3A+2[=0
Pre-multiplying both sides by A -1 we get,
A'A’-3A7A+2A7 Y =0
A-31+2A7'=0
o 2A7'=_A+3]
[ 5 -6 -6] [x 0 0
= 2a'e-| -1 4 20+3/0 1 0]
L3 -6 -4 ,_0 (U
-5 6 6] [3 0 o
> 27" 1 -4 =2 +,o 30
-3 6 4] [0 0 3
[ -5+3 6+0 640
7 S 140 -4+3 =240
~3+0 60 443
‘ S S
= At -1 =2
" : o 7

EXERCISE 6 (€)
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