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INTERSECTION OF
THREE PLANES

-

N\ —

N | Art-L Intersection of Three Planes
““Case 1. Find the condition that three given plane
Proof. Let the equations of three planes be

s may intersect at a point.

ax+by+tcz+d =0 woo(1)
ax+byy+cztd,=0 (2
ayx+byy+tez+d;=0 -..(3)

If the three planes intersect at a point, then the line of inter.section_ of any iwo of the
planes, say, (1) and (2) intersects the third plane (3) i.e., the line of intersection of the
planes (1) and (2) is not parallel to the plane (3).

First of all, we find the equations of the line of intersection of planes (1) and (2) in
the symmetrical form.

Omitting the constant terms from (1) and (2), we get,

ayx+bytcz=0
a2x+b2y+c;_z=0

x y B z

bic, —byep  cay —cyap aphy - a,b,

d. cs. of the line of intersection of planes (1) and (2) are proportional to
byea—-bre, cym—cray, ab—a by
Putting z=0in (1) and (2), we get,
ayx+by+d =0
amxtby+d,=0

X _ y 1
Y:M _ day - dya
- 3 ,V - s Z = O
4173 = 4ol aby ~ azb,

one point on the line of intersection of planes (1) and (2) is

albz - azb] ’ albz - azbl ’
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[/'_'d—]:mfualions of the line of intersection of the planes (1) and (2) are o
x—b]d?' _b‘zdl )_dla_-,ud2al
a\by —aby _ a\b, —a,b, z-0
bie, —bye L T ) @by —ayb

I this line is not parallel to the plane (3), then its is not perpendicular to the normal
(o the plane 3)-
. o (a-bayatam-aa)byt(ab—a b)c; =0
or as (bl CZ*bZ C])—bj (Cg a,—c¢ ag)+C3 (a‘ b_v_“ﬂz h;) 0

which is the required condition.

a, b ¢ I

Note 1. The given planes intersect ata point if A=|a, b,
ay by e

Note 2. The point of intersection is obtained by solving given equations for x, y, z

The use of Crammer’s Rule helps us to find the point easily. But equations can be solved
by any method.

Note on Triangular Prism

A triangular prism is a figure. c E

(/) whose end faces are two congruent and / /
parallel triangles OBC and ADE, and (2) &

(i) side faces are parallelograms OADB, (3) / J
OCEA, BCED. a / 7 A

It sh he woted properly that OA, the line /S

ersect nes (1) and (2), CE the line of /, )

ol . and (3), and BD the line of

- < (2} and (1) are all parallel. e D

condition that the three given planes may form a triangular prism.

_the equations of the planes be
hy+tez+d=0 <2al)
x+bytcztd=0 ..(2)
x+byy+ez+di=0 «s(3) /

the three planes form a triangular prism, (3) /
then the line of intersection of any itwo of the

Planes, say, (1) and (2) is parallel to the third
Plane (3).

~ First of all we find the equations of the line of
Mtersection of planes (1) and (2) in the B D
Symmetrical form.
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SPECTRUM ANALYTIC Groy,

= | (2), we gel,
Omitting the constant lerms form (1) and (2); ]
ay x -+ by ytez 0

ayx+byytcz

: A T —anh
- y — -
¢y — ) by = @7

¢ line of intersection of planes (1) and (2) are

bicy - hyc,

direction cosines of th

bycy—bycr,crap—cath, by~
Putting z=0in (1) and (2), we gel,

/)r.

a|X'f'b'|y'|'d|:0
a2x+b2y-l-d2:0
|
x 3 i T

bidy = byd,  djay ~dya; by —azb)

one point on the line of intersection of planes (1) and (2) is

byd, - byd, dya, - dya, , OJ'
ajby - ayb, ’ ayby — ayb,

~. the equations of the line of intersection of the planes (1) and (2) are

) bld2 —bzdl dlaz —dzal
i B SRS A y—hb
a6y —ayb, ___ 9b-ab __z=0
blcz —bzcl ¢a, - cya "1/‘72 —(12[)l

If this line is parallel to the plane (3), then it is perpendicular to the normal to the
plane (3) and its point

albz - azb] ' alb2 = azbl

: OJ does not lie in the plane (3).

(b[ Cz—bz C|) (75} ag (C'] ay— ¢y Cl]) /)3 + (a; b;;_ —y bl) &y = 0

bdy - b,d da, —d-a
anda[i._zl_J_Fb(lZ 29 |
: 3 — | + 0) -
or as (bl C— !')z cy)— "73 ((,-2 a)—c crz) + (o] (“1 b2 -y bi) =(

and a; (b] dz—- bz dl) o b} ((12 a) — d| 02) + d] (t?[ /)3 = bl) 0

aq b ¢ a b d,
ol a b ¢ | =0and a, b, dy | #0
a3 by Cy ay b, ds

which are the required conditions,
Note. The three Planes wil] fo

: 'm a triangular prism
if A=0 anqg A =0 ’

: (1)
or if A=0 and A, £ )
or if A=0 ang Ay # () h )
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ARSECTION oF THREE PLANES 101
e “Find the condition that three given planes may have a common line of
- 4 " .
lrs jon .
K " et the cquallions of the planes be
of b
prov ot !’I." + 24 d, 0 (D
hxt ’v: V +02 ¢ (l_‘ = () .(2)
ayt hytazt d =0 N E)
i the three planes have a (1)
C_,..,-‘-‘-;m line of intersection, then )
(3)

b
. ve

rirst of all. we find the

gations
atersection 0

[ine
lancs, SAV
.,“_1 e

of intersection of any of
: (1) and (2), lies

of the line of
f planes (1) and (2)

in the S)mmclrical form.
Omitting the constant terms from (1) and (2), we get,

ax+bytcz=0
a-_.x+b2_v+C2..=0

X

y z

bicy —byep  cay -

C‘:t’ll albz —azbl

de's. of the line of intersection of planes (1) and (2) are proportional to

b L'g—bzﬁ ,Ci@—Crap, a bz—a:r bl.
Putting = = 0in (1) and (2), we get,

ax+by+d =0
ax+by+dy=0

- 3 y B |
- bdy - byd, L d\a, - dya S =0

one point on the line of intersection of the planes (1) and (2) is

dl a,

- dya

[ble _b2d1
alb2 - ”2b| ’ alb2

)

- ayb,

the equations of the line of intersection of the planes (1) and (2) are

_bldz 'bzdl ’gd]az —dzal
alb2 ""Zbl _ ulb2 - "2b| _ secau (]
b c, —bzc' €4, = €,a, alb2 - “zbr

Ifit lies in the plane (3), then it is perpendicular to the normal to the plane (3) and its

Point (

’Ldz - byd, dya, - dya

albz - azbl ) ulbz - ‘12bl

L. oJ lies on the plane (3).

(byey-bye)ast(cray—caa) by +(ayby—a, by) 3 =0

L]
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bidy ~bydy) il“_jii"_] +ey(0)+d, =0
and ay|—————|+ :

aby —a,b, by —ayby,
or a;(bycy-byc)-by(cay—-crm) tey(a by —ay b)) ﬁ 0
and 0.\.(3‘1 dy—bad) by (dyay—dyax) Fdy(ay by - a, b)) =
a b o a b4
or a, b, Cr | T 0 and a; b2 ({3 =0
a: b; & ay by dy

which are the required conditions.

Note 1. The three planes have a common line of intersection if A - A=A, = By

Note 2. 1t is sufficient to prove that A =0 and only any one of A, . Ay, Ay s Zero,
Note 2, Another method for numerical examples

() Write down the equation of any plane through the line of imCl‘SCCtion of U
Arst two planes

Le., first plane + & (second plane) =0

(i) Because three planes have a common line of intersection, (he
value of £, this equation is the same as the equation of the third plane.

(i7) Find the value of k from the first and second members,

(iv) Substitute this value of & in all the members, and show that
are satisfied.

.~ [ILLUSTRATIVE
3 Example 1. Show that the planes X=2p+z=0;x+y-2z_3 =O 3x-2y-
MEELin a point. Find the co-ordinates of the point.
So¥ The equations of the planes are

refore, for SO
Compare coeffs,

all the €quatiops

X-2y+z=
X+y—2z=3
IX-2y+z=2
I =2 |
s A= il g =1(1‘4)+2(1»1-6)+l(*-2-l3)=;3+|4-5=6#“
3 -2 1

given planes meet in a point.

0 2

A=13 1 4 =2(3+4)+[(—-6~2)=l4—8=6
2 2
o

4=11 3 =1(3+4)+|(2—9)=7_7=0
3.2 '
I -2

&=(1 | 3 =l(2+6)+2(2—9)=8—l4=—6
3 -2 2

-
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q

W=,
S = 83 .0 i 6

i — 2 =|,_v:—2.—-—:(] -_/} =)
v X 4 I
NoV A 6 A 6 A 6

103

point is (1,0,-1)

e 2 prove that the four planes

E‘-,mlP my+nz=0,nz+ Ix=0,Ix+my=0,lx+m ytnz=p
) . 2p3
form 8 tetrahedron whose volume is T
ol The equations of given planes are
’ my+tnz=0 ek}
nz+lx=0 ..(2)
Ix+my=0 ..(3)
Ixtmy+tnz=p ..(4)
Adding (1), (). (3), we get,
2(x+my+nz)=0, or Ix+my+nz=0
Subtracting (1), (2), (3) from this equation, we get,
Ix=0, my=0, nz=0
x=0, yp=0, z= [ 1#0,m#0,n#0]

one vertex of the tetrahedron is (0, 0, 0)
Again (1) +(2) — (4) gives us

nz=-—-p or z=-£
n
Puttingz=—£in(l), we get,
n
my—-p=0 or y=§

Putting z = — £ in (2), we get,
n

"[—£J+[x=00r x=§

R

?

(%, £ o_ ﬁ} is the second vertex of the tetrahedron.
m n

S' . = —
'm”aﬂy (E, _p’ E), (—p, E—, 2) are the other two vertices of the
l [ m n [ " m n

L
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Now we know that

0 0 0 1
p B S
1 T oom n
= — "P _P_
Volume of the tetrahedron 6 1]'3 FnT - |
-» P2 P
Toomon
( Loy,
I |x ] I T
“volume=—|"2 » 2,
b ‘
3 Yy ; ‘
X p I
i MG
2 P2 _P |
[ m n
__ Ly _p P
6| [/ m n
I A
/ m n
1 | -
.
-HEHEE
6 J\m/\n i 1 |
l 0
_ 1 p? ;
—_Elmn ! =22 ’byc?._cls C,*’"C,
-1 2 9@
3
6/mn| 2 0 6!mn
_2p
3lmn’

Note. Rule to -ﬁnd the area of 3 normal section of g
We are given three planes (1), (2), (3).

() Find the ¢, ¢5. of the . o
intersection of the planes (1) andn((;n?]al to the normal section i.e., the d cs. of the lineof
(ii) Plltz=(] in (I),

triangular prism.,

€ Mangular prism by the pl = )
: anez = ()
EHI')) Find A, the area of this triangle -
V) Area is gj
Xy-plane and th: iggr;?]als:z:tlon S8Iven by A’ = A ¢os a@ where ¢ is the angle betWe”
normal section, 10n Ze., the angle between the z-axis and the normal to "
Example 3 Show
" that the planes 2 |
tT+3y+4z= o
Orm a prism anq fin area of jtg Normal sicti:nz o3 TRy |
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\«[ﬁ“ss . ons of p'anes are
ll J cquﬂllo 4 - = 6
50!.1hc 2x " )

ax+3y*
3‘_‘_,_4);+52:2 ..(2)
_‘_+2y+3z=2 (3
2 3 4
4 5 3
A=|3 4 5=22 3|—3 5+43 X
NoW a3 R 12
=2(12-10)-3(9-5)+4(6-4)
=2 (2)-3®+4(2Q)=4-12+8=0
6 3 4 4 3
§ 2 4
A =2 4 5/1=6 5 -3 > +4
2 2 3 2 2

=6(12-10)-3(6-10)+4 (4 -8)
=6(2)-3(=4)+4(-4)
—12+12+16=40 %0

given planes form a prism.

Now we will find the d.cs. of the normal to the normal section i.e. the d.cs. of the
line of intersection of the planes (1) and (2). Omitting constant terms in (1) and (2), we

gel,

2x+3y+4z=0
3x+4y+5z=0

x = 'y' = z == i"-"l:i
15-16 12-10 8-9 -1 2

direction-ratios of the line are <— 1,2, -1 >

9
d.cs. of the normal to the normal section are { — 1 ,—, - 1 i
FER

Also d.cs. of the z-axis are 0, 0, 1
Let @ be the angle between the xy-plane and the normal to the normal section i.e. the
mgle between the z-axis and the normal to the normal section.

cosa = [(0) ——\/% +(0) 72_6—- + (1) ~—j_6— =J—1€—

Putting z = 0 in (1), (2), (3), we get,

2x+3y—6=0 ()
3x+dy-2=0 (5
x+2y=0

Solving (4) and (5), we get,
_x __y g S P
-6+24 -18+4 8-9 18 -14 -1
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: x=-18 y=14
Sohing (5)and 6) ve 1 oy 1
0rd 20 64
w =2 p==1
Solving (4) and (6), we get, oy
™ g =T
0+12 -6-0 4-3
=12, y=-6
vertices oi‘ the triangle (the section of the triangular prism by the plane ; -
18. 14), (2. = 1). (12. - 6) 18 M
Lel A be the area of this triangle.
2

=L 18 -28-12+12+ 168 108 ><r1
f 12 —6
== [50] =25 ><:
5 18 14

area of the normal section is

1
i

A’ =Acosa=25 x _-_

7

25 J6  25.f6
‘/g‘x—'\/: = i;/—— 5q. units.

Cxample 4, Prov» that the planes x

=cy+h- . ol
one line if a—b~(_ Y s Y=az R bx+a_ypassthr.

2abe=1. Shoy that the equations of this line are
¥ o 2
D 4 -
r— —_ Z
5 - — )
m m ] - C2

. |
oL The equations of e ) (G.N.D.U. 2007, 2008, 207

anesqre
'(‘—-CJ—-,J-:_—O
CX~y+az=
’JYLa)__:-.”
A | e ~b
Q = i __I
A= il ,
a - )+¢(‘C-at’))=b(ca-i/})
I-g?_ 2
o
) = ah{‘"bc‘bj*l—nﬂzf 22 ab
. - T -2abc
: 0 -] o r
as >
0 g St colump, hangICaCh clement as zero
I 0 ~h
S 0
|5 I
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gz

) I —-¢ 0

a=|c —1 0] =9
b a 0

e know that three given Planes wij intersect in g line

i A:O’ A;=0, AQ:U, A3=0
B

' ifl_.(;—b “C—zflf)c:() wie - - = i

;.:‘ if a*+ B2+ c*+2 abc= LR RS

\'yhich is the required conditjon

Now required line of intersection is the

line of intersecti and (2
Omitting constant terms in (1) anq MAGT (Rl 2);

(2), we get,

x—-cy—-bz=0
cx—-ytaz=
X B y e
—— L e, =
_‘“-‘_-—.
—ac-b -bc_g4 = 140 o2

d,rsofthelincarc~ac-b,_bc_a <o o2

or (-ac-h)?, m \J(—I+c2)2
or J0262+bz+2af)c,mzahc‘J(l_cl)z

or Jazcz +1-qg% - 2 ; ‘jbzcz +1-p2 _ 2 \/(1 - c?)?

JO-A)(-a?y, \/(T_Cz)(l_,,z), Ja-2)
or Vi-a?, 152 V-2

Putting z=0in (10 and (2), we get,
x—cy=0
cx—y=0

Solving these, we get,x=0,y=0

line of intersection of planes (1) and (2) (1) passes through the point (0,0,0)
€quations of the line of intersection are

x-0 y-20 z-0

0

-

))

]_azh\‘/]_bzz\/]—cz . \/I—n::\/l—b?‘: 1 - ¢?
EXERCISE 3 (a)

ro/velhattheplanes 2x-y+2-4=0,5x+7y+22z=0 and
3x+dy—-22+3=0 meetina
ntersection.

ry

point. Find the co-ordinates of their point of

() Find the point of intersection of the planes
_Yh_"y+2:=3‘ x+2}‘+3-=5, 3).'—4_1)'-5:‘“ l3=0

(GN.D.U. 2004)
(@) Show that the planesx+y+z=6, 2 x + 3 y+4z=20, x-y+z=2

meet in a point. Find the coordinates of the point,

(Pbi. U. 2004)
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