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PROJECTILES

=

\rt-1. [ntroduction

go far we have been dealing with motion of a particle along a suaight line.
sosition of the particle being completely determined by a single measurement along the

|ine from 2 given point on it. Now we consider the motion of the particle in 2 plane where

position of the particle P will be determined either by two distances .. ) measuree

the
(J

parallel t0 OX. OY in the plane or by r, the distance of the particle P from a fixed poimt
1nd the angle 6 which OP makes with some fixed line OX in the plane.

21
<

In the case of motion of a particle along a straight line. the direction 15 constant 2o

<0 we consider only the magnitude of the velocities and accelerations with positive o

negative signs, then resultant being obtained simply by their algebraic sum.

v
o

In the case of motion of a particle in a plane, we find the components of vel
and accelerations in two directions, the resultant is obtained by parallelogram law.

We already know that the rate of displacement of a moving particle is called its

eralinn
'..‘;,(J--.

velocity and the rate of change of velocity of a moving particle 1s called its acceler

Art-2. Find the expressions for velocity and acceleration of a particle moving 1n 2 plane
inrectangular co-ordinate system.

(P.LU. 2010}
Proof. Let the particle be moving along i
the curve AB and let it move from the
position P (v, y) at time f to the
neighbouring point Q (x +0x,y + Oy) at
lime 1 + ¢

e

The displacement PQ may be
epresented by its components PN and

NO parallel to the axes. Pl ) o '
r . 1 ; é x :
The displacement of the particle A : '
N I
Parallel 1o OX in time Ot : :
: ] ))’
L (K g

= PN = dx (0]

" 1esolved part of the velocity parallel to OX
\
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TV s the vesultant veloesty oakony an aigle O waly €5 iy
o
Vocos () ” .
(
v
and Vs - ? .
(

Squaring and adding (1) and (2), we pot,

) \

) {
2 ) I 1\ | l/\ v/\
Vi eos" 0 + sin’ 0)- [:];) ' [’:/rJ i [ ) | { ]

o E ()
dr ot

Dividing (2) by (1), we pet,

dy
i dy .
ang - AL A e, where o iy the anple which the tanpent 1o the Cuve g P
dv
dt

makes with y-axis,

Hence the velocity at any pomt on the path act, along
point.

the Ginpent 1 (he Path at e

Now let i, v be (he resolved part of (e veloeiy
time f and o 1 O, v+ Y be (he resolved s
acceleration along OX

Ot the paracle paratlel 1o e aves o
of the velociy ar nime I VR T

Lt Change in velocity in time M alone ON
TN S

At

Lo (4 0u)y—y T L)L', du [,/\) FER
O 0 oY} N0y, de o gy

and acceleration alonp OY

Lt Change in velocity in time oy alony Oy
0 ,),M_M_wm_ -

I (V4 dv) - v 14 ,)._1. ,/,. y ( o ] y ‘.‘
o0 kY Mty dr 7

Scanned with CamScanner



147

PNUJFI(’T"‘ES
4 2
_ d 2 ,\ (7' 2 _)/‘
resultant acceleration = C
dt
und it acts at an angle tan” d’ with ox

d X ”ﬂ (z’2y (h)
Note : dt2 L dy

Art-3. Equation of Motion of a Particle in a Plane

Let X and Y be the sum of resolved parts of the forces acting on the particle of mass
mparalle] to OX and OY respectively.

. the equations of motion are

2 2
d”x d

m—z—\=X and m 2y=Y
dt dt

Scanned with CamScanner



V.\n-4. Projectiles

(1) Pr0]cct|lc‘: It Is a body which is small enough o be regarded as a particle and
which is p!‘OjeCted in a direction oblique to the direction of eravity,

(i) Trajectory : It is the path traced by the projectile,
(i) Velocity of Projection : It is the velocity with which the particle is projected.

(v) Angle of Projection : It is the angle which the dircction of motion makes with
the horizontal.

(v) Range : It 1s the distance measured between the point ol projection and the
point where the projectile hits a given plane through the point ol projection,

[f the given plane 1s horizontal, then range is called horizontal range.
(vi) Time of Flight : It is the time taken to complete a particular range.
Art-3. A particle of mass m is projected from a fixed point with velocity o ma directon

making an angle « (?ﬁ —) with the horizontal. Neglecting air resistance, fnd s motion
2

ind show that its path is a parabola.
(P.U200 1 GINLDUL 2012)

l‘rpof. Let O, the point of projection, be taken as the
ongm and let the horizontal and the vertical lines

—> <

rough O be taken as the axes of x and y. .
Let P (x, y) be the position of the particle after /
lime il P
TPy
Resolved part of the acceleration at P along
& « -
Ox=9 x I -
dr 2
R : , . v
tsolved part of the acceleration at P along OY - —-[—,—
dar-

-
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During the motion of the praje il the onily for

acting vertically downwards -
ol et s b bl
the equations ol motion 1 the henizomtal il

. d*s
il
[T ppe— | ITTT] BT

/
,,, Z l/’

|
o “x
o1 —_— =)

2
i

"o

2
d“y
and —= =-g
dt
Integrating (1) and (2) word fwe el
I8

_—...‘('

(f

ly
dt

where ¢, ¢; are constants of itegration,

and =-gtto

. (lx ly
Initially at O, when (= 0, — = wcos ¢/, <= = 1 511 (/
(lt (dt

from (3) and (4), we get, ¢y = wcos o, ¢, = 1510

from (3), ili =ucoy o
dt

/ .
and from (4), % =u sinu-pgl
(

we fpnge iy i

IR (ESIFa |

e

From (5), 1t 15 clear that the horizontal component of velocity il rerai o
b 4

and equal to u cos « throughout the motion,

Equations (5) and (6) give the components of velocity in the horizontal and ver

directions at any time 1.
Integrating (5) and (6), w.r.t t, we pet,

=ucosa . t+A
. L 2
and y=usma't—5gl +B

[nitially at O, when =0, x =0, y=10
from (7) and (8), we get, A=0, B=1(

from(7), x=ucosu.t

and from (8), y=usine. (- = vl
2 E

Equations (9) and (10) given the position of he particle after time 1.
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(R , ohtain the equation- ol path traced out by (he 1,
yow Coparticle, we elimmate ¢ lron

T10) { ori 7R
Nl-"““ . T

a————

( {
l'l‘“"( )). 1Cos

o this value of 11 (10), we pet,

\ 4
X | v '
p o i SINA | = T | e
. 1Cos 2 1HCos o

2
gx

|
D e 2
S utcost a

I!u[[ln

p=xland -
or

which is the equation of the path of the projectile,

2 2
217 cos” a

Now multiplying both sides by - , we pel,

q
2 2 .
2u” cos” a 212 cos asina 5
= e (x)+ x
g £
2 . 2
, 2u” sinacos a 2u* cos® «
X - X == ——y
g b4
) . 2
_ u° sinacos a ,
Adding to both sides,
b4
2 . ) 2 2 .
, 2u°sinacos a u4 31112 ()zcos2 a 2u” cos” o u4 sm2 7] cos2 «
- X+ =- y+
2 , )
g g & g
2
) 2 :
u2 sin«¢ cos a 2112 cos” « u? sin’ «
or x- = - y-
g g 2g

which is a parabola of the form (x - h=-1(y-k)
" the path of the particle is a parabola.

A6, Find the latus rectumn, the vertex, the focus, the height of the directrix of the
Frzbola traced out by a projectile. :
(G.N.D.U. 2010, 2011; P.U. 2011)

P . . . . . .
r09f. Let a particle of mass m be projected from a point O with velocity uina direction
"¢ an angle & with the horizontal. Let the horizontal and vertical lines through O be

‘N as the axes of xand y respectively. Then the equation of the path of projectile is

1 x2
Y=xtana - — £

2 lI2 COS2 a
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152 SPECTRUM DYNAMICS (SEMESTHRIY o
\‘.1
( 2 . ? 2 2 2 Y
i SMECos « 2u” cos” w’osin” oL
Qr ) 92 T —— .y | —
| Y v 2 4
which is a parabola whose vertex 1§ T Z DIRECTRIy
-1 |
(2 2 2 |
uOSINECOs & u- sm- "
4 2¢

A (Vertex)

Latus rectum I

\
1S (Focus)
\\

b 2
2uzcos a 2

(11 cos (t)" a
g g 0o M Ty

]

oz | e

..
(horizontal component of velocity)

Focus
Abscissa of focus S=0M = abscissa of vertex A

u2 sin¢ cos
g
Ordinate of focus S = MS = MA - SA

o 1
= ordinate of vertex A — 7 (latus rectum)

uzsinza 1 2uzc032a 112 5 L
= -—X = - (cos™ « —sin” &)
2g 4 g 2g
u2 cos 2a
2g
2 .. 2
| u” sinacos a u“ cos 2«
- focus Sis ;-
g 2g
R 2
u” sin2a u- cos 2a
or , =

2g 2g

Height of the directrix
Height of the directrix = MZ = MA + AZ

) . 1
= ordinate of vertex A + -4— (latus rectum)

a 1 22utcos’a u . ,
P W =— (sin” « + cos” «)
<& 4 g 2g

>
u”sin

I
[

()

g
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 eom the height of the directrix, it is ¢|
aofe * f projection and the same initi1a] vele(:)irit[h:nt 2 the trajectories which have the
i Y Nave a common di g
irectrix. U

" "L‘”‘” Q
e r

T Cor- Position of Focus S

[ 2.mn 2
| u” simn2a U cos 2u

.'\L‘"SIS 5 ’
Foas r\_ 2g 2g

< is above, on or below x-axis
s 20

0s L
UL em 5

[$5]
¥
(®]
Q
[V
~d
o
~
VA
o

~

p.
7T

asa < —
> 4

[

Art-7. A particle is projected with velocity u making an angle a with the horizontal.

Find
(i) the time of flight
(if) the horizontal range

(i) the maximum horizontal range

(v) the direction of projection for a given horizontal range
(P.U.2011; G.N.D.U. 2014)

(v) the greatest height attained. (G.N.D.U. 2012)

Proaf. We lmow that the height of the projectile at time X

’ iesll) u

T, is the time which the

(i) Now time of flight,
ntal plane through the

“aicle takes in reaching the horizo

Lot of projection.

Putting y =0 in(1), we get,
1

- )
O=u sma.t——z- gr

(. 1
S f:usma—-?—gtJ =0

) 2usina

g

Scanned with CamScanner



Y e MIDYNAMEES(SENMEST
154 SPECTRL { LAY

P,
¥
But =0, corresponds the time when the particle 1s at the point of 5\

Jusine

g
(tf) LetR is the honzontal range OB
R = the horizontal distance descnibed by the particle m nme of Hight |

Qusma

R=(ucosa). ¢=ucosa.
N
‘
5 TR LA e
U SMnaooes H -
= sin @
£ N

l \
. @® osinda
(¢11) The honzontal rang R =

s maximum when sin 2 os maamu
4
when sm2a=1

ie., when 2a = i.e., when g =

l.cl:l

J..|'.|

.. the honzontal range 15 maxumum when the angle of projection 1s —

hl

u-
and max bonzontal ange = —.
- - .
- i 5[ F VoW s . W osmla
(1v) Simge —sinl  —-a = —sna7 - ) & ——
g \ 2 ¢ o

Angles -« and « give the same range

'\JI,.‘

Hence with a given velocity of projection, 1o have a particular range, there are (W
directions of projection which are such that th ainclmation of the one with the horizontal ©
the same as that of the other with the verual e,

they are equally inchned to e
direction of the maximum range.

(GN D1 uid
(v) Greatest height attained = MA = ordinate of vertex A
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'Ic|_| \
Art-8. Find the velocuty and diraenion of motion of a pragecnle after a piven gy
Proof. Let o be the veloowy  of \

projection and @ the angle  of 4 4
projection. Let particle be ar P after v
e £, Let v be uts velocuty at P (x, v) .'/ —
and € the angle which the duection of Yy k
velocuty at P nakes with horzontal. ' d

Therefore, we have,

xTucosa.r (1) AP ___L"‘_\-__.- :

: l
and  y=usina. - -8t

Now v ¢os € = horizontal component of \ elocuy after a nme ¢

dx
= — =ucosq | ol
dt
Sovcos = ucos )
and v sin € = vertical component of velocity atter a time ¢

_dy ,

" usina-gt [~ of ()
Sovsin®=usina-g¢ )
Squaning and adding (3) and (). we get,

2 2 } .2 2 2 R \
v7cos” 0 + v sin' 0= u cos’ @ + (u sin @ - g

or v (cos” € +sin” B) =y° (cos: Q@+ sin' @) -

\

Jusina, gregly
A > . A
o V'=w-2ugsina.t+g'r

A}
- -

S .
v= Ju‘ —2ugsina.t+g t
which gives the magnitude of velocity atany time .
Dividing (4) by (3), we ger,

using -
tan @ < Msina - g

0. ucos @

| using =
HCos @

which gives the direction of motiop after ime ¢,
Cor. Show that the magnitude of velogcity at
would be acquired by a particle in falling fie

Y point of a projectile 15 the same

Ay »a " l;

_ , ) ely a vercal distance from the level of 1B
directrix to that point.
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PROJECTILES 165
Sol. We have v* =u’ -2usina . gr+ g’/ Y
1 A Z DIRECTRIX
=u'-2g ulsina——-:;z} —7:'"—
SR 280
H
2 i
: u_ 2
=u-2gy =1¢g ( -y Py
2 g '—-‘\“
=2 g (height of directrix — ordinate of P) Y
: ! " di : ¥ \
v” =2 g (height of directrix above P) 0 M = X

Hence the result.
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R pow that there are in general two directions of projection for 2 ¢

,\f‘ - with 2 given velocity of projection.

:1\8“ ,of nd the least velocity of projection to hit a given point.
y be the velocity of projection Y

fm angIC of projection. A

P The equatlon of the trajectory 1s

Z Pla. b

£7 A1) u

—ytand —
y=* 21(2 COSZ(I

Let P(a, b) be given point. Then P(a, b)
s on(1)as projectile hits P. g

o
\4
>

2
ga

2
2u” cos” «

p=atanda—

b=atana — sec” «

or
2u

> b=atana-— ga2 (1 + tan® a)
2u

> 2bu2=20uztana—ga2—-ga2tanza
> gaztanza—Zuzatana+(ga2+2buz)=O W

This is a quadratic in tan « giving us two values of tan ¢ and consequently o
values of @, corresponding to each of which we get a direction of projection.

The hitting is possible when « is real ie., if the roots of (2) are real
ie, ifdisc =0

ie, if (-2 u* a)*-4. g(zz)(gz(124r2171l2 )=0

ie, if u'd-g*a*-2bd*gu’ =0

ie, if ' ~g*a®-2gbu*=0

e, if u' 2bgu’ 2da’ g’

e, if ' 2bgu® +b g 2d g+ b g

te, if (i ~bg) =g (d’+b)

i.e,, lf llz _ b g_ > g ’az + bZ
i-e-, lf u22bg+g ‘fa2 +b2
le, if 4? >g(b+1, +b )

+ least velocity of projection to hit (a, b) is \[g (b +\/a2 +b?
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T
: i ) yyva koo x
Cor. Let O be point of projection such that OP = r and OP makes an qp,

horizontal. then

Y
S A
r=va® +b* . b=rsinf

least velocity of projection to
hit (a, b) s

1/g(r sin ff+7r)
\/gr(l +sin f)

Note : The particle will not ht |
point, (a, b) if (o) a >

W<g (h+w/a: +b:)_

Art-10. Find the equation giving the two times corresponding to the two direcy, .

il

i

projection for a projectile to hit a given pomnt with a given velocity of projection
that product of imes i$

(1) independent of the initial velocity

Qh

.
(i1) equal to where P is the point of projection and Q. the point 1o be hy
g
Proof : Let u be the velocity of projection Y
and a the angle of projection. 4
Let 1 be the ume taken from the point
of projection P to reach Q (a, b). Then Q(a. #)
=ucosa.t saeliL T ]
=, 1, b
b=usina.t- —gp
2
1
l p a ’l‘ A i
or b-&-;gr)"usm(z.r w{2)

Squaring and adding (1) and (2), we get,

2 l 2 22 )
o & (b+3gl ) =u r (cos’ « + sin’ )

1
or (I:+b2+:g214+bgl“':u-’r‘

gzr4+4bg!2—4uzr:+4(az+b2):0
or gzr‘+4(bg—uz)rl+4(a-'+b3);_.0

4 2,,2 . 4
4 g =
> l-*-—;é—(bg—u ) t— (@ + b=
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:
- rosEC )
]ngquadmtlc in 7. Let { 12 be its roots.

L @)

g
2 / 2 g S
== Va’ +b , Which is independent of u, initial velocity.
g ]

Now P is (0, 0)and Qs (a, d)

f|2 fg_:

> NI

2

PO = {(a—0)2 +(b-0)% =va? +5

2PQ
1 '—‘PQ
g

‘ FLLUSTRAT][VE EXAMPLES]
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Art-11. Projectiles on an Inclined Plane
A particle 15 projected up an inchined plane of inclination f from a poim Q of ,

1th ine

plane in the vertical plane through the line of greatest slope contamming O, with |
velocity u at an elevation « to the horizon. Find

(/) the range on the plane

(if) the maximum range for a given velocity of projection, u

(iif) the time of flight

Obtain corresponding results when the particle 1s projected down the plane

(G N D.U 2012

Proof : Take O, the pomnt of
projection, as origin ; honzontal A
and vertical lines through O as
axes. Let P be the point where the L as”
particle strikes the inclined plane. v
et OP = R so that P 15 (R cos f3,
R sinf3)

(1) The equation of the path
of projectile 1s

2
2 X
}r_—_’r[ana_ & O RCOQ! M
2 u? cos? ’
u- cos” a

P (Rcosf3, Rsinf) lies on it
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i 2
Smﬂ:Rcos/}. tan a —LRZM
R 2 u® cos? a

R cos?
infj =cosp . tana —g_‘zﬁ
» S 2u° cos® ¢

2 sin a
M:cosﬂ. —-sin g

chosz,B_sinacosﬂ—cosasinﬁ
g £

2 2112 cosa cos a
gReos’ B _sin (@~ f)
» — 3 2
2u? cos’ cos @
2u? sin (@ - f) cos a
= =

g <:os:Z Jéj

which gives the range on the plane.

2 = )
2u Sm(a_ﬂ)cosa= & [2 sin(a - f3) cos a]

g cos? B g cos?

(i) NowR =

2
=Y [sinQ2a-p)+sin(-p)]
g cos?

2
R= ——— [sin(2a~p)-sinf]
gcosz,b‘

Now u, g, B are constants

R is maximum when sin (2 @ — ) is maximum i.e. when sin(Qa-p)=1 and

bis is so when 2 @ — 8 = _725 or a =—;£+L§, which gives the angle of projection for

Maximum range up the plane.

2 . 2
u o w(osnfp) M
max. range = m(l —sin f) = (i sin2 B & (1 +sin f5)

(iif) Let the particle strike the plane after time T
OM = horizontal distance covered in time T=ucosa.T

» RCOS,B

ReosB=ycosa . T =T=
u cosa
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SPECTRUM DYNAMICS (SEMESTER-]Y

> T-= cos S 2u25in(a—/f)cosn
ucosa g cos fi
" T=2usm(.cr—ﬂ)
gcos f

When the particle is projected down the plane
Changing 3 to - 8, we get

2u? sin (a + ff) cos a

(1) Range down the inclined plane = ) o P,

ll2

(fi) Maximum range down the inclined plane = m

2usin (a + f)

(7ii) Time of flight down the inclined plane = 2 cos B

Cor. We know that R is maximum when

2a—ﬁ=% i.e.a—ﬁ=%—a

Y

l'llll

direction of projection of a projectile for maximum range up an imnclined plan
bisects the angle berween the vertical through the po ' of projection and the line of

greatest slope.

(G.N.D.U. 2013

Art-12. A particle is projected with velocity u, making an angle & with the horizontal, up
an inclined plane of inclination 3 to the horizon and strikes it at a point P. Find the

velocity of the particle at P and the angle which this velocity makes with the horizontal

Proof : Take O, the point of projection,
as origin ; horizontal and vertical lines
through O as axes. Let OP =R so that P is

»
>

(R cos B, R sin ) o

Let v be the velocities at P,

NO\V U: - u2 - 2 gy R
\B

R

Q gn N
oo‘& ﬁ

sin fi

2_ 2 .
= VvV=u"-2g.Rsinp 0 Rcos g

2 .
where R = 2u”sin (@ - f)cosa
bl
gcos” f

Also T = time of flight = time from Q to p = 24510 (« = /)
gcos f
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¢

‘ .. 2 be the angle which the velocity at P makes with the horizontal.
usma-gT ,
tan = ——=tana - & T
" Ccosa U COS &

g 2usin (a - f3)
ucosa gcos f3

= tan a—

sin @ cos 8 — cos & sin
=tanaq — 2 p P

cos a cos f3

=tana — 2 [tan a — tan 3]

tan® =2 tan S - tana.

Iy
.

= tan~' (2 tan 3 — tan a)

ILLUSTRATIVE EXAMPLES
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