3

WORK, POWER AND ENERGY

rt-1. When a body moves due to the action of

a force, the force is said 1o do work.
In order to distinguish it from various other kinds

of W()rk, such work is called
‘Mechanical work,

() When the foree is constant, the work done by it is equal 1o the product of the
force and the displacement of its point of application in the direction of the lorce.

Let F be the force, s the displacement and W the work done. Then

(i) if the displacement takes place in the direction and line of action of the force, then

W =Tg;
(if) 1f the displacement is in the same line

work done by the force is negative

re. W=-Fy;

as the force but in the opposite direction. the

B
(i7i) if the displacement takes place along a
‘ line at an angle O to the line of action of
the force, then s
W = F. (Projection of s in the line of
action of the force) .
=Fscos@ A M *,'; X

In the figure force F acts along AX, the
displacement is AB = s making ar angle € with AX and BM L AX so that

projection of displacement s (= AB) on AX is AM = s cos 0

Since F-scos@=s5-Fcos0

_ the work done by the force is equal to the product of displacement and the
resolved part of the force in the direction of the displacement.

It is clear that W is positive or negative according as  is acute or obtuse.

If 6 =90°, W =F s cos 90° = 0. Thus force does no work if the displacement takes
place in a direction perpendicular to the line of action of the force,

In vector notation,

191

Scanned with CamScanner




M DYNAMICS (SEMESTER.IV

JPECTRL
102 1S W

¢ of gravity on a body of mass

Ulustration
Let W denote the work done
When the body falls down ve
W=mgh

(71)  When the body nises ve

by the forc .
rtically through a height /1,
() '

rtically through a distance 4.

W=—-mgh ' ' ‘
ie melunits of work is required in raising the body through the height ;,
e my N S
y incline 1e of
(i) When a body slides down inclined plane A
wclination € through a length / of the plane, then ,
W=mg(/sinf)=mglsint R
(") When the body moves up the plane, then Feing
W=—-mglsint L Mg

(") When 6=0, W=0 [ sin6 = sin 0 =0]

if the body moves along a horizontal plane, the
force of gravity does no work.
(b) When the force is variable and displacement takes place along its Jip, of
action.
Let OX be the line of action of the force and let Y,
the point of application move from A to B such that Y
0A=4q, 0B =b. p_—/
N ~ ~ \ B =
Let F be the magnitude of the force at P such that
OP =ux.
When the point of application moves a small
distance dx from P, the small amount of work 6W
done by the force F is approximately = F dx.

total amount of work done is given by 0o

b
W= [Fx
a
Graphically, this work done is represented by the area ABQP.

(¢) When the force is variable and the point of application moves along a plane
curve.

Let a variable force move a particle from A to B along
a given plane curve such that arc QA = sy, arc OB =y,
where O is a fixed point on the curve. Let P any point on
the curve between A and B such that arc OP = g_ [ et Qbea
point on the curve such that arc PQ = .

Let F be the force acting at P such that force F makes
an angle 6 with the direction of the tangent PT at P,

Since Js is small.

direction of segment [PQ] coincides with that of
the tangent at P.
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ml“ amount OW ot work done by F in taking the partle trom P o Qs

en bY SW =F 0s cos 8 =F, 0s

£, is the resolved part of F along the tangent 1o the curve a1 p.
W h\.lL !
rotal work done by the force F in taking the particle from
L

= j F, ds
5

t-2. Units of Work

AW Bas given by

There are two types of units of work, absolute and gravitanonal (or pracncal),

(a) The absolute unit of work s the work done by an absolute unit of force
gving Its point of application through a distance of unit le ngth n the duection of the

-

In the English (F.P.S.) system, the absolute unit of work is the work done by a

e of one poundal in moving its point of application through ore Joor m the direcnion
the force and is called a Foot Poundal.

In the French (C.G.S.) system, the absolute unit of work is the work done by a
ce of one dyne in moving its point of application through one cenfimerre n the
ection of the force and is called an Erg.

In MLK.S. system, the absolute unit of work is 2 Joule and one joule 13 the work
ane by a force of one newton in moving its point of applicanon through oze memre i the
rection of the force.

1 Joule = 1 newton x 1 metre

= 10° dynes x 100 centimetres

= 10’ ergs.

- (b) The gravitational (or practical) unit of work is the work done in litting the
eight of a unit mass through a height of unit length.

In the English (F.P.S.) system. the gravizarional unit of work is Foot-Pound. /1 i
ork done in raising a mass of one pound vertically through a height one joor.

<

1 Foot-Pound= Weight of mass of 1 pound ~ 1 foot
= 1 g poundals x 1 foot
= g foot-poundals.

In the French (C.G.S.) system the gravitational uni: o word » Gramme-
ntlmetre it is the work done in raising @ mass or one gramme vers

.'..';'.:A:.;'_}\‘ mrough a
Cight of one centimetre.

1 Grare-Centimetre = Weight of mass of 1 gramme x 1 cenume

= g dynes x 1 centimetre

= gergs.

In the MLK.S. system. the gravitational unit of work is l\lluur.uume.m,_\

b 18 tre. /1 i the
ork done in raising a@ mass of one kilogramme vertically throug

ha -‘f TOF one menre.,
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Weight of a mass of | kilogramme < I metre
. e . —— ¢ ‘.; 8 ) -

I Kilogramme-metre 100 centimetres

l 000 ¢ \!_\'lk‘i

10° g ergs

£ Joules.

100 ;
2 31 cm'sec

Note : Since 32 fysec®  or 98lem

a
o

32 poundals.

I

1 FOOI-pound
9.81 Joules.

ne an Elastic String

ehine an elastic string 1s equal to

and 1 kilogramme-metre =

Art-3. Work Done in Stretchi
Prove that the work done In stretc

: S IO I 5 Sns10ns.
extension and mean of the initial and final tensiol

Proof. Let / be the natural length of the el
When the extension produced in the strit

T=2X
/

Since the string is being stretched, the 1€
always equal to the tension of the string at that instant.

(P.U.2011,GND,
astic string and A the modulus of elasti city,

\PB’-I

I.he prOduCt of[}

201,

10 is x, the tension T 1s given by

el ],

force applied by an agent at any instay, 1

OW. the small amount of work done in stretching the string further distance Oy

against the tension T = T- Ox.
: . B
oW =/..7 ox

W, the total work done in stretching the string from a length
1s given by
p )
X

b

W

= < -

AL ax
I

(9]

W

A
—_ '\‘
[

work done in stretching an elastic string varies as the square

A

Now the work done for an extension v, = — = y, :
2 i
and the work done for an extension -, = l = \‘1:
2= 3T %2

work done in increasing the extension from x, to v,

[ to alength /-,

1

of the extension.

L - 02 2 A
2 [ /) 2D 1 [ 2] ('\2 —'\] ): 3 (xl'—-\-l) (-\.2+-‘.I)
/1.\'1 /?..\‘-)
/ * I-
= > (Y2 —-xy)
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initial tension + final tension .
_ L g (extension)

= (mean of nitial and final tensions), (extension) -

= (extension). (mean of initial and fina| tensions)
the work done in stretching an elastic String is equal to the product of the mear
of the initial and final tensions and the extension. ’
f;u-t-:l. Work Done by a Couple
Prove that
Work done by a couple =

| moment of the couple x circular measure of the angle or
rotation.

Proot. Let M be the moment of the couple whose arm is AB = p and either of the forces
is P

=2 A1)

P PP
Let A" B' be the new position of the arm AB such that ZB' A’ C’
is parallel to AB.
Since the arm of the couple moves parallel to itself.

forces forming the couple move parallel to themselves. Theretore no work 1s
done as the two forces are equal in magnitude and opposite in direction.

Now force P acting A’ does no work as its point of application does not move
Work done by force at C' =P x C'B' =P x A'C' 60

=00. Here A'CY

[ sin 08 = 06 as 08 is small|

=Ppdh=Modb [ of (1))
Let W be the total work done
0
W= J' Mdo
0

M - 8, where 0 is the circular measure of angle of rotation
>

I

Moment of couple x circular measure of the angle of rotation.
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Art-5. Power
The rate of domng work of an agent is called its power. It 1s F
the amount of work which an agent can do in a unit time.

Let ¢ be the angle between the force F and the small Ss
displacement ds gone by its point of application.

OW =F ds cos 0, where dW is small amount of work
done.
dW oW (Fos i
- oW scos @)

dt 65150 Of  §i—0 ot

_ 0s /¢
=Fcos® Lt — =F as _
=0 Ot 0s 0 dt Al
= F- Vi where Vy is the component of velocity in the direction of .

Note 1. If 8 =0, then L{lﬂtz =FV
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when force and displacement are in the same direction, they i

= l.'\"
ot

Note 2. Units of Power
In F.P.S. system, the unit of power is Ho
' [oot-pounds work done in one second.

[f F Ibs. 1s the force applied and V fy
qmount of work done in unit time is FV foot

rse-Power ( H.P.). One Horse-Power is 550

sec 1s the velocity of the particle. then the
-pounds.
FV
Horse-Power = —
350
In M.K.S. system, the unit of

power is Watt. It is the rate of domg one Joule of
work per second.

One Horse-Power = 746 Watts (nearly)
Relation between M.K.S. and F.P.S. units of power

In M.K.S. system, the unit of power is one Watt or Joule per second

W 1
HP = ork done Peiizcond n Joules [* 1 H.P. = 746 watts]
7

Force in newtons x velocity in m'sec
746
Forcein kg. wt. x g x velocity in m'sec
746
Forcein kg. wt. x velocity in m'sec
75

l

;981 1
:g = —— = — nauly
740 740 5
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Art-0. Conservative Forces

| (G.N.D.U. 2010)
A system of forces, which is of such a nature that if a particle, after describing any
puth i the field of forces returns to its original position and the rota-l work done :

, o during
the displacement is zero, is called a conservative system of forces

Let us take a body of mass m. Let it be taken to a height 4. Then the work done by
the gravity is — m g h. When the body falls back to the same level, under the action of
gravity alone, work done is m g h. Therefore, total algebraic work done by gravity is zcro.

In general, if a body, after describing any path under the action of gravity returns to its

original position, the total work done during the displacements it has gone, is zero. Thus
gravity is conservative force.

Such is not the case with all the forces. If, for example, a body is dragged through a
distances s against a constant frictional force F, the work done is Fs. To bring the ‘body to
its farmer position on the same oath an equal amount of work Fs is to be done again. Thus
the total work performed to bring the body to its original position as 2 Fs and not zero.
Forces of this type are called non-conservative forces.

A force field in which all the forces are conservative, is called a conservative ficld.

Note. In the case of conservative forces, the work done in taking a particle from one
position to another depends only on the initial and final positions and is independent of

the path followed by the particle.
. }JJ .

Art-7. Energy
| (G.N.D.U. 2010)

Energy of a body is ifs capacity 10 do work.

It is of two kinds : Kinetic Energy and Potential Energy.

It is the capacity of the body to do work by virtue of its motiol.

i) Kinetic Energy : ‘ . o
0 t of work done that the external forces will do to bring 1

It is measured by the amoun
fo rest. o -
For example, a bullet fired horizontally from a ritle possesses kinetic energy. It it

) ,

. ces a vertical wall, the force of resistance offered by the wall will reduce the bullet to
pierces ¢ s
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is negative a gainst the di )

. resistance
\¢ by the resis is the kinetic ener Teey,
k. with sign changed, 15 £y of the bu:ﬁ' !
) ']‘

rest. The algebraic work dor
of the displacement. This wor
before piercing the wall. | |

. It is the capacity of the body to do W'mk by it
\ work, the f orces acting on jp wil| T,

amount of the . d
osition, usually calley he "
e

(ff) Potential Energy
standard p
Zey,

position. It is measured by the )
, . dti 0me
bringing it from its present postion lo 50

position.
“'OTE(

On of

For example, the polential energy of a slretched‘ elastl'c Sttrllngdlsfthe amount
that its tension will do in making the string resume its unstretched form, the Posit;
zero potential energy.
of energy are same as those of work.

Note 1. The units
gies are written as K.E. and P.E.

Note 2. Kinetic and Potential ener

Art-8. Expressions for Kinetic Energy
energy of a particle of mass m moving with a magnityde .

Show that the kinetic
(G.N.D.U. 2010, 2015,

velocity Vs Elm V2,

Proof : Let the particle of mass m move along a curve on y
which O is fixed point from which actual distances are
measured. Let the force F, which acts in a direction
opposite to the direction in which particle moves, reduce

the velocity V of the particle at A to velocity zero at B Q A P
such that arc OA = s, , arc OB = s,. Let v be the velocity

of particle at any point P such that arc OP =s. £

work done by force F in taking the particle from

AtoB
82 )
= J' (~F)ds =-— J' Fds
S) M
8 52 1 0
= - J.mfds = —m J‘ v Lgds =—mJ. v dv
‘ ds
5 5 \Y%
0
2 2
=—-m|— =—-m O—V— =lm v?
Y% 2 2

kinetic energy of the particle = 4 mV?
2

Cor. At P, the K.E. of the particle is L m v’
> .
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= mass ~ acceleration
= impressed force in the direction of motion.

- ke rate of change of K.E w.rt space is equal to the magnitude of the impressed
Lorr? . (G.N.D.U. 2010)

-----

4r1-9. Potential Energy and Work

Show thzt the work done by the conservative forces in taking the system from a
_on P 1o znother position Q equals the difference of potential energy at P and that at

P

Q. both being 1zken with respect 10 2n arbitrary standard position O.
Proof : Sinee the forces acting on the system are conservative.
- work done in tzking the system from a position P to the position O s

idzendent of the path followed and depends only upon the relative position P and O.

-

L1V, denote the unigue value of the potential energy at P.

0
Vy= IF, ds 41}
P

where F,1s the component of the force F along the tangent to the path of motion.

O
Agzin Vo= jf,ds (2)
| ()
Subtracting (2) from (1), we get,
hf : o 0 Q 0 0
& Vi-Vo= [Frds- j'F,ds - jF, ds + IF, ds - jFI &
P Q P Q 0

Q
“ Vp-Vo= [Fds
P

L Hence the result.
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Are-10. Work Done Against Graviey

at P such that P

 where O 1S 2 pomt on the
)“- N

Let a particle of mass m X N
surface of earth
PE atP=mgh
' :
O -
L et particle be rased to Q such that O{
P.E atQ=mgh
) ' h' ‘:
s » -—megh-myLn
P E. w rasig the particle from P 10 G g
Y (/‘.' ',_’
. aeainst © «. It 1s assumed that 4
Negative sign shows that work 1s done against gray " g heth |
“the ¢ ¢ lorce m ¢ Jue )
and /" are small as compared to the radws of the carth so that the force m g due
to gravity acting vertically downwards on the particle has the same value
regatdless of the position of the particle o

work done by gravity when the particle falls from QroPismgth —hy
This s the P.E. of the particle at Q (OQ = &) relanve to the position P(OP = h)
Art-11. Potential Energy of a Gravitational Field

Let a parucle of mass m move from infimity to A n
the gravitational field of mass M, where A 15 at a
distance r from the centre O of gravitatonal field.

We know that the potential energy V of particle of

mass m at A 1n the gravitational field of mass M 1s the
work done aganst the field to move the mass m from infimty to A.

r r !
N .
S Vo= J'Fdl‘ = I(J'!m dv = GMm I_\ A
) ol k
i’l, 1] | !
~GMm!— | =-GMm|-
P - f r
L Jdor i
. B ' !
=-GMm ——O‘L—M
r ] r

Note : It is assumed that the gravitational P.E. is zero at infinity.
Art-12. Principle of Energy

If a particle moves under a system of conservative forces, then
(/) the change in kinetic energy produced 1s equal to the work done by the "ﬂprﬁst‘:

forces. (GND.L. 2013, 2”1.:‘
(This is known as Principle of Work and Energy)

(G.N.D.U. 200"

! 1 ]
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- um of its kinetic and potential energies at any instang i
¢

o h : emains copsy;
() tlll-oughoutthe motion. constan

(This is known as Principle of conservation of Energy)

(P.U.2013; G.N.D.U. 2012, 2013, 2014y

roof. Let P (x, y) be the position of the particle of
ass m atany time ¢ where arc OA =s. Let ds be the %
;splacement' and F be the sum of components of the
forces in the direction of ds.

. small work done by the force F is F ds.

»x
Let X, Y be the sums of the components of the Q/P
forces in the direction of the co-ordinate axes and

dx, dy the displacements in these directions.

. small work done =X dx + Y dy

. total work done when the particle moves from a point A to another pomt B is
B B |

IFds = I(de+ Y dy) , A1
A A
B B ; ' Uy 5 T’i
Now deS = jm v _‘—U—d&=m I widv=m |
ds 2 J
A A , v )

—_—

l

Where v, , U5 are the velocities of the particle at A, B respectively.

1 2 2 1 2 1 2
— S=v)=—muy — —mv
2"1(?)2 l) > .2 7 1

where K stands for the K.E.
ork done by the impressed forces is equal to the change in kinetic energy

4 A\Y

Since the system of forces is conservative.

X=- Cul ,Y=- ___o_\\/ , where V is the P.E.
Ox oy
13 X
g Boav v ) f(av v o)
7 S(de*Y")’): j ——dx =—=dy |= - _[ — dx- v
X cy J oXx oy /
4 A A A

B
=_ IcN = —[V]B\ =-[Vg-Val
A
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td

1}
;.(.\4/\ Y dy) Vo=V
A

From (1), (2) and (3), we get,
Kp=Ka=Va-Vp
Ky+ Vi Kyt Vi
= sumof K.E. and P.E. at A = sum of K.E. and P.E. at B
Smce A and B are arbitrary points.
o, sum of the kinetic and potential cnergies remains constant.
Note : The principle of, conservation of ciergy, may be stated as

The rotal amount of energy in the universe is constant, energy cannot be created o

destroved although it may be converted into various forms.
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