Art-1. Exponential Function

Exponential function of the complex variable z =x + iy is defined o
2 3

3 - ==+t —+—+,,
Exponential z or exp. (z) =¢ l_2 |_3

Art-2. Provethat & * 'V =¢" (cos y + i siny).

Proof : We have
2 3

z Z 4
¢ =l+z+—+—+...

12 3
(x+iy)> LG iy)?

ja= e

eX+'y=l+(x+iy)+

Putting x = 0, we get,
(iy)* (U)

1 e I
s

iy’

i V=4 iy+

e’ =cosy+isiny
Now K=Y
&Y = 6" (cosy + isiny)
Cor. ¢ = cos y + isin y

Changing / to -/,

¢ 'Y =cosy-isiny,

:|+:2 '

Art-3. Prove that el e’ =¢

l’roof:. Let zi=xitiyia=xtiy
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TION OF A COMPLIX Vg p, o

== —

’ e =" (cosy —
&~ )J It f])) cl" . e‘: ¢
- - . "
3 2 = ) e —
e'.e
- € (cos;,-,.,.]))/d-“”
05 )~ i sm
) ex’”:[ >
COS(}I ‘)-)- J,'l (
( - o0 )1’};;]
__e-]*x:,l-»;l)I-).:,ﬁ rzr.,), {x
g i, s
Z z Zi- - -
e ele? =75
Cor- Generalising this result, we get,
el.e2 €1 = AT 4z
Pt z,=2,= .=z, =,
%t €.€ .. =F 2
- Z\n z
b (e®)" =¢"-
Art-4. Periodicity of Exponential F unction ¢
Pl 1. 2911)
Prove that ¢ is a periodic function.
Proof : Wehave ¢ ="' = (cos y + isin )
Now we know that sin y and cos y are periodic functions 2nd period of zach 52z

Le, sin(y+2na)=siny,cos(y ~ 2na)=cosy.wheren SN
z_ x o (=2
ok £ =g [cos(y-'—?.n:r)*‘tsm(}'v?_nx)]=ez.e"" —

xefyeJ'ZnJ: — ex-H)'-—anr

|
0

. ¢ remains unchanged when = is increased by zmv multiple of 2x 4
.. ¢ isaperiodic function of period 2 7 i.

Note: (1) & =cosa+isina=-1

@) " '=cos2na+isin2na=1

Art-5. Prove that exp: =1 ifand only if z=2nx i nbeing 2n meper.
Proof : (i) Assume that

&,-
v e 7 =1

z » X 5y __
x e =1 .. > ¢.e =1

. € (cosy+isiny)=1+i0
Equating real and imaginary parts. we get,

X
e cosy=1
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: |
and ¢'siny =0 i

Squaring and adding (1) and (2), we get,

(‘2 : (C(\s"_\' vsin’ yel+0
(,3! -] » ("2'"('0 ® 210 ® =
from (1) and (2), we get, €osy = I, siny =
v = 2 na, nbeing an integer
:=042ina » z=2inx

e=l » z=2nnl

(i) Assumethat z=2nai

Feet " acos2nr risin2na=1+i0=]

Cor. If =, and z, are two complex numbers and
exp (z)) = exp (z,), then prove that 2, = 2, + 2 nnifor some integer

Proof : exp (z;) = exp (z2)

.2

> e‘l = g
= c:l-:z = ] )
> 2y —2; =2 nai, nbeing an integer
> 2y =1+ 2 na i, nbeing an integer
ILLUSTRATIVE EXAMPLES)
Al d
Example 1. Split up ®*3) into real and imaginary parts.
| (Pbi. U. 2002 2
SoL (6+5i)°=36+257+60i=36-25+60i=11+60i
2 ;
e6+30° = M +60i_ it (0560 + i sin 60)
13 . 2
R [e‘“m ] = ¢! cos 60, 1 [?(6}'5‘) ] = ¢! sin 60.
¢ 2rik\]
Example 2. For any integer &, evaluate 2 [exp. ( il J] .
- k = l n
(GNDL-

i 5-5 [ (2] - § [ (220

k=| ',k=]

n
= z a" .whcrea;exp,(z’”’)
b e n

k=1
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. NCTION OF A COMPLEX VARIARL,

Now tWo cases arise

- my
case I. Wheh (r, n) = | -
| 1RPP .
.; 1S not an mteger
> a # |
=a+q? tad 4 o &
_ a(l-aMy |
o Pk N |
- | 8 ad0=r")]
n l__r-—‘
_ofl-1) |
_ . ,,_J 2nir\]|” l
=0 |

. r . '
Case I1. When ; IS an integer, then ¢ = |

S=1+1+1+..tonterms,

=h

EXERCISE 14 (a)

1. Split up into real and imaginary parts :
: 5+iE 2 2
() e 2 (i) eB+3D (iify =19 (v)
(P.U.2002)

2. Expressinthe formA+iB:

() é+e¢’

(i) exp. (*x—aﬂ'y ]

x+a+iy
3. If zy=x +iy ,z;=x,+iy,, find the real and imaginary parts of
(i) eZI +2; (ﬁ) eZI Zy

Z x 4 .
4. (a) Provethat ef =ef “®7Ycis (e*sin y).

R Sl 1 )
(b) Separate e into real and imaginary parts.
n
1+ cos & + i sin o o "'(5”“)
5. Prove that —— = cot—.e .
l-cosa+isino 2

2
o?

(P.U. 2002)
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384 SPECTRUM ALGEBRA-I Sk, STy

R-“ ”’
6. Prove that Jd
n

() [sin(a+6)- A%sin0]"=e "’sin"a
ing

. . f . g A .
(i) sin(@+nf)-¢%sinnd=e " .sina

. n . _I .
(i) [sin (@—6) +e='“sinOF'=sin" ™' [sin(@-n6) + g2t ”

i Py,
7. Ifa, B are the roots of the equation x*+x+1=0, show that for any <y
Mbey ,

. 3 3
ae”a+ﬂenﬂ=e 2(005711'*' 3sin7n].

n-1 . r
2mik
8. For any integer r, evaluate Z exp. )
k=1 n

'~
0

ANSWERS

. (i) Real part =0, imaginary part=¢’

(if) Real part = e'® cos 30, imaginary part = ¢'® sin 30

5

. 2— 2 . . 2 Py
(iif) Real part=e* ™ cos 2xy, imaginary part = — * " sin 2y
' 2_2 o 2.9
(7v) Realpart=e* ™ cos 2xy, imaginary part = ¢* ™" sin 2xy
2. () 2cosl+i-0 (i) e"cos f+ie“sinf
3. () real 2  imaginary = "1 2 si '
T part e cos (y, + y2); imaginary = ¢! " "2 sin (x; y—x2)1)
(i) Real part= 127172 o (1 y2=x3);
imaginary part = ¢"1 2722 4 (e y2=x2 1)
4. (b) Realpart= e cosp, imaginary part = ¢ sin

7. =7 or n—1

___—

Art-6. Trigonometrical (or Circular) Functions of Complex Quantities
For all real values of x, we have,

e F=cosx+isinx

¢! =cosx —isinx
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.,‘('”0'
fl e'* 4o ¥
and (2).cos x = e

Adding (1)

ybtracting (2) from (1), sinx = i_’__
21

These are called Euler’s Exponential values of sinx and cos x where x € R

fz=x* i y, then the trigonometric functions of z are defined as

1Z 4
. e —-e 1z L -1z
sin z = — cosz= 2 o
21
_sinz e'f-e!? cosz (e !
tﬂn Z = ~ . ' .,'. == COt z.: : - ( )
COoS Z l(e'+e’-) sin z el:_e—lZ
1 2 2i
sec z= = — — cosec z=—-l——=——-———.—
cos z elz+e—rz sin z e:z_e—l:
Art-7. Expansions of cos z and sin z
Prove that
23 2

(i) sinz= z———§+L5-

2

() cos z= -0+~
2 l_
Y

where =x+i

Proof. We know that
2 g (D)
() G2 +£—"——+...

¢l =l+iz+ l_% +——L—3-‘ u

.
o e

i 72 24 33 24 (N
o — | H -t
e 1 + 1194 l 3 | 5

(2)

Adding (1) and (2), we get,

; -2 -,-4
eive !’ =2[I—E+E+---}
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or —-—————2 : Lz ‘0'[.—"’1"‘...

,3 53
J:_EJ:SZFZMEE+E§_
el? _pmi? 23 25
2 LS
2,2

sin z = z—E+ I__5_
Art-8. Euler’s Theorem

) ¢' % = cos O + i sin 6 whether @ is real or complex.

Proof. For all values of 0, real or complex,

i@ -i0
e’ +e
cos =
#)
io -if
, g’ —e
sinf = :
2
i0 -if i0 -0
. e’ +e —-¢
cos@+isinf@= oL £
2 2
) 2eJG
cosf@+isinf =
2
i ;
¢'? = cosf+isin.

Art-9. Prove that circular functions are periodic and find their period.

Proof : (i) We have

elz‘_e-lz e[z+e_’z
s COBZ = ——————

sin z=

If n is any + ve integer, then
et(z+2nn)_e-—1(z+2nn)
sin (z+2nm) = T

!

XL ||l'”

- of (1),02))
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ONOF A COMPLEX VARIABLE

e‘ F4 ) ‘!2"}“‘1,\

387
¢ 2i
~ el:_e,z
—-\ -
2’. o 2’1;;] =
' [' e =p 2"31=I]
sin(z +2nm) =sip,
{(Z+2NT[) -
Also cos(z+2nm) = d +e~(z+2nm)
2
i ‘ ]
_e z.82nm+e_,z o-2nmi
T
2
_ eiz+e_il )
——— ' i - .
2 [ e n.-u=e 2)1:u=l]

sin z and cos z remain unchanged when z is

increased by any multiple of 21

*+ Sinz and cos z are periodic functions of period 2 7.

o . _ iz —e—jz
(i) Now tan z=

ile” +e7'7]
If n is any + ve integer, then

er(z+nfr) _e—:(z+n7t)

tan (z+ nm)

iz
e

ie

etz.e2nm —e 17

i[eiz.ean' _l_e—iz]

-iz

lz_e

e
i[eiz+e_iz]

=tanz

r‘(z+‘n1r) +e—i(z+n7r)] B

i[eiz.enﬁf

[_'_ eZn:zi=e—2n.1i= ]]

tan z remains unchanged when z is increased by any multiple of 7.

7. tanz is a periodic function with period 7.

As we proved in () and (ii), in the same way we can prove that sec z, cosec z are
kriodic functions with period 27 and cot z is periodic with 7.

Hence all the circular functions of complex variable are periodic.
Art-19, Trigonometric-Formulae for Circular Functions of Complex

Vﬂriable
Prove that

() sin? z + cos?z = |

(i) sin(=2)=- sin z
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388 SPECTRUM ALGEBRA-] Stay

(i) cos (- z) = cos z (iv) tan (- z) lan "'ll‘,
* (v)sin2z=2sinzcosz . ' ) \

(V,') cos 2: = C052 2 - Si"i z " 2 C()S) Z—-] o '—2 Si"l2 1

(vif) sin3z=3 sinz-4sin’z (viti) cos 3z~ 4 cos',

Jtanz—-tan” z

(&x) tan 3z = 3
|-3tan” z

(x) sin (z, + z,) = sin z, cos z; + €08 z; sin 2,
(xi) sin (z, - z;) = sin 2, cos z; — €05 Z; §in z;
(xif) cos (z, + z;) = cos 2, €oS 23 - sin z, sin z;
(xiif) cos (z; - z3) = cos z) €S 2 + 8in z; §in z;

) tan z, +tan z
(xiv) tan (z, + z3) = ——2

(xv) tan (z21-2)) = mn:l ~lan,

[-tan z, tan z, Tt

|
+lan_|mn:1
. ' oz 4z 2, =2 ‘
(xvi) sin z, +sin z, = 2 sin L "2 cos 12 2
"o _ 2, +z z, -z
(xvii) sin z) —sin z, = 2 cos L_"2 Gjp 122
: 2
. 2 +z z, -z
(xviii) cos z) + cos z; =2 cos ——2 cog 2
2
) L Itz Z, -z
(xix) cos zy—cosz,= -2 sin J—zsin 12
2
) lz _ -iz & Iz, -iz)?
Proof. () LH.S. =sin’z + cos? 7= | £ =¢_ " | ,[e"+e™™
2i 2
=_l[82|'z+ 2iz Lr2iz | —24:
p 2]+ —[e" " 4 o742 4 )
I o2z |
= z ~2iz 1 - | '
. 5 pd
3 L SRR TE S
) 2
=R.H.S.
(x) We have
i(z) 42z »
e 2)‘=e”'.c"2

S cos(z) + i
(21 +2)) +isin (z) + 7)) = (c0s 2y + i sin z;) (cos =, -+ i sin =)

o = (cos z cos Z; - sin
Equating imaginary parts,
$in () + z3) = cos z, sin z, + sin 2) COS 2,

o sin(z)+29) = sin z cos z; + cos z, sin P
Note : Students can prove the remaining parts themselves

3 . ] U"I\

s )
H ' ol ® 5!
21 8in z3) + / (cos z, sin 2, + sin 41
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z
2 lan
{, Prove thatforall z€ C,sinz~ 2
le f*

[)’ml‘ lllﬂllz -
)7 _Iz
9 ¢ 2
,2 _’Z
z ife?2ve 2
21{1112
" R'H‘S' 5 2 z - B 12
l+tan” -
2 z 4
I -1
T R
22
ile 2 4e¢ 2
it ).

-4
2,0z _ 1=z gz _ =iz
Lile —e ) 8 e = sin z
=2i 2i
=L.H.S.
z
2tan —
sinz = 2
2
1+tan
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|

EXERCISE 14 (b)

movee! y
Loz any vcomplen number, then sect s tantz = |
|l
. s ',, '\ \ "
% Prove that foralla 8 €@ € s+ sing n = ey

. ‘!
\\ \\h\“\ U\.\l

|‘ (¢ ; 3 u‘")t‘m i, |‘ (¢ g

“‘ COs (1 ! j'“ - - "“ ) Sin (0

-

o wil i | -
(i) st [f“ - -y (¢ I + !" ).\h\ (L *'w ((‘ P ,-“)c"‘"

G cos(a i dsing@t if) e Meosat isina)

Art-11. Logarithmic Functions

Ifw = ¢, where = and w are complex numbers, then 2 is called a logarithu. .

the base ¢, and is written as 2 = loge W,

Art-12, Prove that loge w is a many-valued function,

(GN.D.U. g
Proof. Let ¢ ~w

. T+dnxi : Anxi_ =2 e :
Soe = .e = (cos2natisin2na)= o (14, 0)-¢

. s+ dnxi
<% ¢ = w

o by definition, log, w=z42nmi wheren €1

S il zisalogarithmof w, sois = +2na i

<« logarithm of a complex number has infinite values and thys is a man-vils
Sunction.

Note. The value z+2 na i is called the general value of loge w and is denoted by Loz *

Thus Loge w=z+2nmi
Yo Loge we2naitlog, w

Ifwe put 7 = 0'in the general value, we get the principal value of zic. log™

.

#+ 1o find the general value of the logarithm of any complex number, add 2
to the principal value of the logarithm of that number,

Art-13. Pm\c that

nd !
() logN=x+2nmxi where ¢" = N such that N is a + ve real number &7
also real,

(ﬂ%g (- N) =i+ log N, where N is positive.
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(110N OF A COMPLEX VARApy

r-ﬁﬁ! :

(i) mguﬂ)=Mgﬂ+§i

']

Ry
pro0’

+ .
e\ Zn'rl:__ X 20y

e .e x

= (C032n .
JT
e,\-+2rrm +’Sm2’”‘)

_— =l +ig)= g
by definition, log N = y + 2 Wi g

. one value of the i -
Note. ' l(.)gE.lI'lthm of a + ve real number i
e infinite number of imaginary valyes, S real (When 1 = 0) and there

@ -N=N(-1) =N(cosn+isinn)
-N=N¢'

1og(—_N)=1og(Ne”")=1ogN+roge""
log (-N) =logN+%;
Log (=N)=2n i+ log (- N)

=|0gN+ﬁriIoge

Log (-N) = 2nnz+log(~N) .
& ?_"ttmg n=0, the pr1nc1pal value of Log (- N) is log N

b ) bis T
;_lli) if=pB|cos=+isin=
- _‘ﬁ .ﬂ( g e 2}

NIH

. - ) g e 5
' R o oy 4
e . kL L B gt bl
e ' G e

if= ﬂe

ru|?—1

log' (i B) = log [ﬁe } =log B + log e2' =logf + g—il'oge

7 ‘.:{‘,A,_QsA‘.i;W&;RH

log (1) =logh+= i | '
‘:'or. Put gB=1~

8 -y _ .n‘,
¥x. _ . ](Jg I = lOg 1 +E‘ i

g )
logi—E: [‘. log 1 =0]
ws of Logarithms
laws are same as for real numbers
. Separate Log (« + i ) into real and imaginary parts ,
(H.P.U. 2009, 2010) -

ol P g N
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Equating real and imagimnary parts, b |
rcosfh=a
rsinf=p
Squaring and adding (1) and (2), we get,
F (cos’ A + sinf@)=a’ + i n
F=a+F

2 2
r= \/a +p°

B

Dividing (2) by (1), tan 0= p
f=tan"' B
(¥ 4

Log(@+if)=2nai+log(e+if)=2nai+log [’(C059~rsinn,|
‘]
=2n:ri+log(re'6)

8

v 16 .
=2nxi+logr+loge =2nxi+logr+if

=2nxi+log (\faz +ﬁzj+itan—]E [ of G)amid
a TISsyN
I
Log (cz+if)')=Elog(az+ﬁ2)+i(2nn+tan_'EJ

R [Log(a +if)] = —log(a® +B?)

N | —

and I[Log(e+if)]=2nx+tan’’ iR
o

Note. Putting n =0, the principal value is given by

log(@+if)=—log (a2+[33)+itan"£.
o

9 | =

(GNDL ™

ILLUSTRATIVE EXAMPLES]

Example 1. Express Log [Log (cos @ + i sin 6)] in the form A +iB.

SQL . lOg(C059+iSin9)=loge‘8=i9

Log(c039+is'Ln'G).=2n:ri+-i8=(2n."t+-9)i

=(2h-‘t+9)(cos£4isin£J | ]
2 2 ,
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N —

o«
» r
Log(c050+isin 0)=(2nn+0) e‘i
s P
Log [Log (cosf + i sin 0)] = Log|(2nn+6G)e 2
X
=Log(2nn+60)+log e 2
=2m:”'+10g(2n:t+9)+i-;E
Log [Log(cosGHsinG)] =log(2na+0)+i(4dm+ ])-Jl where m € R
» 2
mele 2. Find the general and principal value of log (-1 +1)—log (-1-1).
(G.N.D.U. 2003, 2007; Pbi. U.2010)
sol Let —1+i=r(cos@+isinb)
Equating real and imaginary parts,
rcosf@=-1 ...(1)
rsin@=1 ..(2)
Squaring and adding (1) and (2)
=2 r=v2
-1 1
From (1) and (2), cos = —=. sinf =—
2 V2
E . k¥4
Both these equations are satisfied when 6= =
' ' ( 3z .. 3m® 2z
o1 *i= 2 cos——+isin——) =J2¢ 4
\ 4 o 4
og(_1+7 =log [V2e € |=log2? +loge *
: 1 3% .
: log(ﬂl,“):ElOg?-*i[’ ; 9
" Changing ito—i, . _ ~ ;
3 ' A A8

i

1
- -log(-1-D~= —2-lpg2:- f

in

© Subtracting (4) from (3), we get.
: log(-‘+l)—log(—l—0=—5—i

Aﬂm Log(—l—r)=2n:ci+log(—l——t)_
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A

SPROTMI M ALY Bis.| 99 005

!
Also  Log(- 1+ )=2mait éln;;z._]-,

in \h\ &

2 K/ log2-=2 |
log(- 1 -1)=2n: 7 (4 y

in

-
i -
7

Log (-1 + /)~ lLog (-] ~N=2mai-2nxi-+ —j_‘,

L - »

x-i _
Example 3. Show that {log (;—:—iJ -2t ' x.

Sol, Let

(P ¢
. - ]

x+/=r(cosl+isinf)

Equating real and imaginary parts,

recosf=x

rsinfl =1

Dividing, tan0=-|- or cotf=x
: x

or

0 =cot’'x

n ol
0=--lan'x |
2 .

|y cren |
.
[
)
|
by
U
"
A

7 A e (-5
L.H.S.=ilog(x—l.]=ilog[r(ms9 'smg)]=ileg" .
x+i

r (cos 8 + i sin 6) | ¢'®

I

iloge 2'%=i(-2i0)=20= 2(§-m"x}

7 ) -

U

a-2tan"'x =RHS."

EXERCISE 14 (c)

Prove that Log (-4)=2log2+(2n+1)xi. -

Find the general value of |
() logi (i) log (-0 (i) log(-3)

(H.P.U. 2009) (Pbi. U. 2009, 2010)

.
Prove that sin (log/)=-1.
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Art-15. The Genera] Exponentig) Function S

The general €Xponential function ¢ is defined by the

CQuation o = 7 loga
where g and - are complex numbers,

Note. Since Loga=2nzi+ log a

a isa many-valued function and its
putting n =,

Art-16. Express (x + j P @

principal value js obtained by

in the form A+ |B.

(H.p.U. 200
Proof : Let x + Iy=r(cos@ + i sin 6)

2 <1{ ¥
sothat = -\[x‘ +J'2 , 0= tan l(__)

X
Now (x + jy)a tig - e(a +ip) Log (v + iy) - e(“'HB) Rnri+ log (x+1 )]
= e(a”mlz"?l‘i-l-logr(cos()-nsin 0))

- e(a+iﬁ)[2nm‘+logre'0]

- e(05+il3)[2mri+logr+10]
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e

’ ‘([Q,l’
14 )lrﬁ . m
llog r "Qnr.';rnl Z
1
e"'ﬁ-’('~/512,,,,,,
”””“'7""”2,17 ,
‘ ‘l'

_ P"I() l
= e .
ep.("()

P 4
"€ fcos

sin (
where A=ePcosQ B=,.: " A+ip
7€ SINQ such gy

P=alog,_
B2na +0) = alog,lx2+y2 —ﬁ(
{

|
= —alog (x4 ,2
5 OS(X +y )“ﬁ(Zn”+tan-l XJ

2””4[‘3"—]!;

Q =ﬁlogr+a(2,m+())=

atip ,
Example 1. If #7'% =4+ g orove that @t fr=g Ot

| (P.U.2002; G.N.D.U. 2006; H.P.U. 2010)
v Sol. Here a+ip =ftip_ el@+1Plogi _ e @+iP)[2nzi+lozi

. ,"
. . | -
1 (a+lﬁ)[2"ﬂi+log(COS£+'5in£) (a+iP)|2nzi+loge 2 |
% = R ¥ | ]
: : Tl i % =
¥ (a+lB)|:2ﬂﬂ"+'E] -BEn+hZ+i(4n+1 g

=e =¢e 2 2

~BEn+)Z idn+nEa
=e 2. e 2
L ".“’4 T

& -B@n+h)- T n
2 a+iff =e 2 cos(4n+l);‘a+isin(4n+1)7a:‘
& - -

~ Equating real and imaginary parts,

—‘[3(4n+|)E

T
a=-e 2.C05(4ﬂ+])7a
n

_ﬂ(4n+|)—“ . b(4
= 2 4n+l)—0
B=e .sin ( )2
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A
Squaring and adding (1) and (2), \

al ﬂl,. ‘,—ﬂl-hu hn C()Sz(li 'HI)%rz *Sinz(d n+|)£aJ

- n
u’th-‘ e fiAdnel) :

Example 2. Prove that /' is wholly real and find its principal valye. Alsg Shiy, o
tha «

y
values of ¢ forma G.P.

(Pbi. U, 2009. Hpr .
Sol. We have .o"nc”“ﬁ'c, o (2nmitlogi) ,

n
| =~
' j 2
H2nmi+log COSE—Hsinf] H2nri+loge (
2 2 = ’zn-
=3 e = ¢ - ‘

n
‘-(Znnw 2]

= @ » Which is wholly real.

T

Putting n =0, the principal value of 'is ¢ 2.

n in Orn

Putting n=0,1,2, ..., the valuc of 'are e 2, ¢ 2 , 2

which form a G.P. with common ratio ¢ 2™,
Example 3. If the principal values are considered, prove that
(] 0 ‘r)l -1

,‘_—(] 1),” = sin (log 2) + i cos (log 2).

o

214

Sol. Here we are to take only principal values

! |
' l—l "l 1
(l+l’)|-l e(l-l)log(|+” e( )[2 Og(l+|)+1[anl]

(- +nloglizy ~

(IH)[—'» log (1+1) =i tan 1]
2 |
e
L
[ Iog(a+ih)=% log (@®+b° )+

c(l-:)[losﬁu;—‘] e(logﬁ+§)+:(§-logﬁJ

B
-

(l+l)|:|08ﬁ-l§ (Iogﬁ*%)—l(;-lngﬁ)
e ¢
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n/ \l{l“\“l-l‘:

(_rmw 399
- . (2 ‘] [n

5=l
- ¢ 2 )RJJ

= g2 w of
J SIn (log 2) + Icos (log 2)

cample 4. If (@ + jpY = iy N o=l b
E ¥ m = then Prove thay 2 -~ tan~! ¢

a )

-h\‘_ .
salue is considereq_ log (a2 +b?) When only principal
sol (@+i by = p¥*iy (GN.D.U, 201
= log(a+ipy

>

= X+
log p** 1)

plog(a+ ib)=(x+ iy)log m

]
= p[——log a* +b2) 4 tgn-1

5 ( )+itan ~1 =6+ iy) logm
1
—pl 2 2 . - b
2p og(a +b)+tptan';=xlogm+iylogm

=

Equating rea ang imaginary parts,

xlogm—Eplog(a2+b')

(1)
ylogm=ptan™! L4
a -.(2)
2tan”! é
Dividing (2) by (1), we get, 2 = a

x Iog(a2+b2)'

EXERCISE 14 (d)

L. Find the real part of joe (1 0.

(Consider only principal values)
2, Prove that

n
(4 n—I)E

0 i)'=e (Pbi. U. 2008)
(i7) lx=\COS @4n+1) % x+isin(dn+1) %x

(i) x'=¢2"" [cos (log x) + i sin (log x)]
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AT |
Y)=m 9
a |ug Py
—¥q ’j
b B 8
P+ 2 ‘
(0. Ifan log (x + ivy= o ‘LU”-‘idcr
AT a+ and .2 only P‘rlnup.d \
l aq b} " ] vuims)
a 2 » g
N log (x +,1»3) = 2q ) Proye
\\
1 o I“JJ ‘h:’ .
'lu lf "' = .\ + ’ B
Y princi
N wan™\ B Pl Values are Considere
n T - T\' ed, proye that
i‘ 2 3
) A'+gs an (P-U. 2002, 200,

(P.U, 2008; Pbi, iy 2009)

b |

ANSWERs

1. e‘—S—_c Q,v'f
0S| —lpg 2
L.: g} 4,

Art-17. Gregory’s Series
If =1 <x<1,then tan~' x =y 3
3

(GN.D.U. 2008)
Or

If ... <6 SE ,then O=1anf - ltan’(ﬁrllam’l)—....oc
4 4 3 5

(G.N.D.U, 2008, 2009, 2010)
Proof : We know that

] )+ jtan” A1)
Iog(l+ix)=§-log(l+z) itan”™' X :
A
Msolog(]+.r)=x——:-2—+—3— g

Replacing x by i x, we gel,

4 4
e X\ am ]y o m— T
log(1+ix)=IX~ 75 3 4
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N
AT
. 3 ) N] (4

or log(l*‘-ix):~f;¢f___,'f-___{~_ —
3 4
2 4 () ( "
; X X J «
log(1+ix)= i—-——+—-,_, - s o
g ‘ [2 "I R Eae-T 4
y s

From (1) and (2), we get,

J x? 4 0
— log(l +xX*) +ftan™’ x = XL x 3
2 g ) X 2 4 + 6 ‘“J+l‘[’(~‘l“ Vs

Equating imaginary parts, we get,

3 5
tan~' x=x-"— 4+ Z_ -,

5
Puttan™' x=6 or x=tang

ssn 9

-

: 0=wn9—§m30+§mﬁa-....m

Cor. 1. We have

tan-' =5 5 g
3 5
Put x=
DS o P B
3 -5
Cor.2. - E—]-l.;.l‘
r 5

Arxt-18. Use Gregory’s series to find value of .

(H.P.U. 2005; Pbi. U. 2009; GND.L =

I ]
....+ -
Proof : Consider tan"—+um".l_-_-m-l nZ.. .3
3
» 1_,_1.;(1
2
5
t=tan” -g- =tan‘l]= E
5 4
6
n g 1 I |
-_—= — 4+ 1an T
a2 3
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LEX VARIABLE :
s COMEL 403

7~ _.7854 nearly
LA |
A 3.1416 nearly
o This method used to find value of zz is due to Euler’s Series
ot ** ’
3. There are two other series, which help us in finding the value of 7.

" chiﬂe’s Series : We have

Z=4tan — —-tan  —
4 5 239
=4[1_1_L3+1_L_,_}_ N I L N
5 35 55 239 3°(239°  5(239)°
=(-7853983 nearly
- =314159

atherford’s Series : We have

L 4 tan”' l — tan”' —1— + tan"—l—
5 10 99

7 = 3.14161 nearly

es, we arrange it in the form

jte 3. Whenever we are to find the sum of a given seri

U
X — — 4+ — =
3 5
and use the result
tan~'x=x x + X -
3 5

. ]
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404 SPECTRUM ALGEBRA-] S[\I[STF
3 s 7%{
y
ol ] 4 418
[
-1 ___ vo
= 3 tan {Ji) [-Of(}regory“ |
n b4
=J3.==—==RHS.
) 6 243
bt Tt =4
Example 2. Prove t8—1-3 55 g
(Pbi. U,
I [ I BN AT
HS. =— 4+ —+—+ .. == || 1= |+|==-=|+[2_ 1]
SuEE 13 57 911 2[( 3) (3 7)*(9 m ]
l‘
(0 S T 1 | 7 _ = |
o et = e ] e R
2[357 Il}248LHS

(H.P.U. 2005; P.U. 2005; Pbi. U. 2007)

12 I 1 [ 2 I
= =]+ [+ =]+

=2t~ L s ant L
7
2)(1 o
= tan~' 3 +tan°'i [ 2mn"l y=tan T
1 7 =
9
3+I
- aj-l's .| | - I 7 -1y = f‘:-;R”b
=tan" —+tan” — = ' =tan~ | =
e " 3 4
¥ =3¢ =~
4 7
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. 405
‘WCM
wgﬂ-&-!iﬂg - " i
w;e-sinBJ "X "”’-‘"9"552?19'%:2.—:'9-
5 ‘ [eos8  im 5
1 [cosB+sing) —a ¥
= T ( : V=:z:;“‘m'59 sin § | 2 [ 1+12mg)
g B> . €os B-sinf | | cos 6 smezml‘\l_mej
| cos6 cosf | \
=tan"" tzn(f'--—gﬂz T
[ 4 )j e [On generzlising]
-n:z+£-l—13n9 1 2 ! 5
4 =< 1an 9"‘55@ g...=RHS
EXERCISE 14 (e)
Prove that ﬁ l—l--l--.l_- n.;-_:"::_
5 7 1 22
(Pbi U.2010)
2 - Using Gregory’s Serics, prove that l—qlz = _:4 ——. = At 14
3- 3-

" (GN.D.U. 2007; Pbi. U. 2013)
Using Gregory’s Series, show that

1 1 1 ] ( 1 ped

le——l=sllo— L= =
I 3 3 5 3 12
32 32 32
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OF A COMPLEX VARIABLE

a 9 Hﬂ,.rbolic Functions
o xbe =Y pumbet. rezl o complex, then we define

silhx‘wmrm&h}mﬁc ‘incofx)z e" _e-r

—

7.

cosh x (to be read as hyperbolic cosine of x) = ef +¢7%

—

sinthx e*—p7*

cosh x ef+e7%

tanh x=

- Sl cothx= =
cosh x e e F x sinh x e
_ 1 2
sech x = o cosechz= — = 2
e +e sinh x ex—e"
0 - 0 -
simo =2 2% Il et Jlxl
2 2 2 2
hx = sinhx= e* +e7F +e’—e” _ ef+e F+ef—e %
2 2
25
2
Ere* F-eF FreF-e"ve’T _2e
and coshx—smhx= ) 5 > 3
20. Prove that
_‘ 2 .4
1 x3 xs b 4 X
. L LI - = l+—F— ...
([) stnhx-.f‘l'[_s-‘fl—s‘f... (i) cosh x ]+l_2 L_i

k3 1 x —x
s = gf s —e )
0 () L.H.S. =sinhx 5 (e
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1 -
(if) LH.S. =coshx= E(e"r +e¥)

|4+ x4t —

tSaneee

2 22 2, 1+"2+"4+

= —[242. =42 —+..[=l+=4+ 2y

TR
=R.H.S.

Art-21. Find the relation between hyperbolic and circular functions.

. 1 ~
Proof: (/) We have sinf= T(e’e—e’e)
i

Putting 8 = i x, we get,

2 2 )
sin (i x)= %(e' T ¥y = R
i

. sin(ix) = isinhx (Pbi. U. 2010, 2011
(7#) Again cos@ = %(3'9 +e-—i6)

Putting 6 =i x, we get,

. [ in —fz.t 1 N l L
Cosix= = + =L ety = Lpr e
z[e e 2(6’ +e) 2(e e

cos (i x) = cosh x (Pbi. U. 2011
(i) tan(ix)=SM0X) _ isinhx

: ——— =jtanhx
Cos(ix)  coshx

. . Cos (i x)  cosh x i
(v) coth (ix) = ——= = ——— = —cothx=—icothx
sin(ix) jsinhx i2

v) sec (ix) = ——l_. —

cos(ix) coshx

=sech x
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(1)
(1i1)

)
(if)
(ii7)
(iv)

(v)

(vi)

()

()
(v)

)

2 = -
cosh® x—sinh“x = |

) cosec (1x) = — - — ]
o sin(ix) isinh r cosech 1
Ix “ix
y = - g (‘” —f'kr
;) sinh(/x) o L
f: { 2 24 ismx
LY
(2) cosh (fx)~ _’ﬂ_m_ —
3 tanh (1 x) = sinh “”_ isinx
cosh (1 x) P ftan x

m,n. Prove that

@ Fundamental Formulae

(if) sech’x-tanh’x =1

"
coth® x — cosech’ x = |

()] Addition and Subtraction Formulae

sinh (x + ) = sinh x cosh y + cosh x sinh y

sinh (x —y) = sinh x cosh y —cosh x sinh y
cosh (x + y) = cosh x cosh y + sinh x sinh y
cosh (x —y) = cosh x cosh y + sinh x sinh y

tanh x + tanh y

(¢) Formulae for 2x and 3x

tanh (x ~y) =
| + tanh x tanh y
tanh x — tanh y
tanh (x -y) = oy
| - tanh x tanh y
: . 2 tanh
smh?.).'=?.smh:ccosh.\r=——'—1,—I
|-tan” x

cosh 2x = cosh® x + sinh® x =2 cosh’ x— 1 = 1 +2sinh’x

_I+tanh2x

|—tanh? x

2 tanh x (Pbi. U. 2010)

tanh 2x = 3
1+ tanh” x

sinh 3x = 3 sinhx + 4 sinh’ x

cosh3x= 4 cosh’ x - 3 cosh x

3 tanh x + tanh > x

tanh 3x = 5
{+3tanh~ x
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D\, R Formulae .
‘ v h A cosh B~ sinh (A = B) ¢ sinh (A - B)
5y 3 oush A sind B = sinh (A + B) - sinh (A - B)
N = coth (A + B) + cosh (A - B)

o) 2 cosh A cosh B
v)  2sinh A anh B =cosh (A +B) - cosh (A - B)
(V) o SERAT
@ GD Formulae
.. C+D E=D
@ sahC? sinh D = 2 sinh cosh :
c+D ., C-D
W) dph C—sith D= 2 cosh sinh T
+D C-D
@) coshCrooshD= 2 cosh 5 cosh >
.. C+D ., C-D
() coshC-coshD=2 sinh : sinh 5

Proof: (@) () LH.S. =cosh’x- sinh? x

_e*them Y42 ey e 2% -2
4 4
2x , X, __2Xx __-dx
e““+e T +2-e e "+2 4
- = — =]=RHS
4 4
Another Method :

We have sin‘@+cos*@=1. Put O=ix

> : > : ~ “ . 2 :
sin® (i x) +cos* (Fx) = | or (isinhx)*+(coshx) =1
. 23 2 o
—smh*x + cosh*x = | or cosh®x —sinh*x =1

(&) () LH.S.= sinh (v + )

| 1.
= ;Sm f(x+y) ==sin(ix+iy)
' i

= ','T [sin (i x) cos (i y) + cos (i x) sin (i )]

LN P . -"'h ¥V
=~ [isinh x cosh y + i cosh x sinh y] = sinh x cosh ' * cosh v it
= R.H.S.
2tan O

T Put 0=1ix
I+tan“ 0

(¢) (/) We have sin 20 =2sin 6 cos 6 =
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: A COMPLEX VARIA
“‘cﬂo"‘ Or A BLE
ft 411

. sin(24x) = 2sin(ix)cos (iy) = M

I+tan? (i x)

i sinh 2x = 2 i sinh x cogh y = _2./ tanh x
x= X
| —tanh X

or

sinh 2x = 2 si = _2tan
sinh x cosh x = _‘l_‘_
I-tanh? x

.

(@ () We have
2sinxcosy =sin(x+y)+sip (x -
put x=iAy=iB

»).

Zsin(iA)cos(iB)=Sin(iA+iB)+sin(;‘A—;'B)

.o

\ 2 i sinh A cosh B= i sinh (A + B) + isinh (A - B)
2 sinh A cosh B =sinh (A + B) + sinh (A-B)
(e) (/) We have

. . . Xt =
sinx + siny = 2 sin 2y cos 2= . put x=iCy=iD

2
iC+iD iC-iD
cos 5

C+D C-D
cosh

sin (i C) +sin (i D)= 2 sin

i sinh C +isinh D=2 isinh

cosh i '
2

Note 1. On the same lines, students can prove the remaining results.

C
sinh C + sigh D = 2 sinh <.

Note 2. All the above results are obtained from circular identities by changing sin = to
isinh z, cos z to.cosh z, tan z to i tanh =.

Art-23. Prove that
(i) sinh is periodic with period 2 7 i.
(i) cosh @ is periodic with period 2 7t i
(i) tanh @ is periodic with period 7 i
(iv) coth 8 is periodic with period 7 /
(v) sech 8 is periodic with period 2 7 i
~ (v) cosech @ is periodic with period 2 7w i

oof. (/) We have

1 -9
sinh@ = 5(99"‘9 )
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Now sinh (0 Y 2na i)

R-|
I“."',l
D+ 2nmi U—((Hlulrl)} J
¢ =

L.

ra | —

-0 <2nni
:'“.t‘z'””-l' ”(' d ]

1| —

L

I -0 e o4
» "Il.oal-‘, 'l] . U I’n’:(:‘ziln‘
2

|

| -0 1

= — ((.'0 -e ") |
2

sinh (0 + 2 na i) =sinh @ where n €N

.. sinh @ remains unchanged when 0 is increased by any multiple of 27 ;

sinh @ is periodic with periodic 27t /

Note. Students can prove the remaining parts on the same lines. J

ILLUSTRATIVE EXAMPLES) '

Example 1. Separate into real and imaginary parts :

() tan(x+iy)

(v) logsin(x+iy) (Pbi. U. 2011

Sol. (i) tan(x+iy) =

(if) cosec (x+iy)

(i) cosec (x+iy) (i) sinh (x +iy)
(Pbi. U, 2009)

sin (x+1iy) _ 2sin (x+i y)cos(x—iy)

cos(x+iy) 2cos(x+iy)cos(x—iy)

sin2x+sin2iy _ sin 2x+isinh 2y

cos2x+cos2iy  cos2x+cosh2y

sin 2x , sinh 2y

+i
cos2x+cosh2y  cos2x+ cosh 2y

| 2 sin (x—1i y)
X

sin (x+iy)  2sin (x+iy) sin(x=iy)

2[sinx cos (i y)—cos x sin (i ¥)]

cos (27 y)—cos 2x

2sin x cosh y—2 i cos x sinh y

cosh 2y —cos 2x

2sinxcoshy  2cosxsinh y

==l d
cosh 2y-cos2x  cosh 2y —cos 2x
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n

ARIAN

, sinh (x , | ‘
i) sinh (v 17 y) ,‘\inlm

. . ’2 ("" (I | -‘,

() log sin (v + -

| 3
5 log (a® 4 132) +itan ! /

—_—

1 o
- Io Y (] 2 - 2 p) H
5 BSIn® x cosh? 4 goq2 xsinh? 3y +,-m,,"(_cf_“ ¥ sinh y
) sin x cosh y
1 -Cos 2y
= ;log _l_“f_*l I+ cosh 2y N I+¢cos 2x cosh 2y-1
2 2 _—*——2 5 . 2' +itan"(cot x tanh y)
4 l o cosh 2y —cos 2y |
_ 3 g s +itan " (cot x tanh y)

E ‘mple 2. Prove that lo M =9 itan-| ;
| g{sin(x—iy) Zitan” " (cot x tanh y),

» i
—

‘ (G.N.D.U. 2007)
%l We have
~ sin(x+iy) =sinxcos (i y) + cos x sin (iy)

3 =sinxcoshy+icosxsinhy=a+if

~ Where @ =sinx coshy, = cos xsinh y

log sin (x +iy) =log(a+if)= -,l; log (@ + %) +itan”'

Ril=

| . NI
“+ logsin (x +iy)= log (sin’ x cosh? y + cos’ x sinh? y)

.-y cos xsinh y
+ jtan | — i)
sin x cosh y
‘ Tt Peaci
log sin(x-iy)= —;— log (smzx cosh® y + cos” x sinh” y) |

cos x sinh y
- itan'l[ ] +(2)

sin x cosh y

Changing ito - i, we get,
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414 I
. l w
w] = log sin (x +iy) - log sin [x - "

L.H-S- = IOS[sin (x_"}n)

cos x sinh )’]

o=l
a4 ki (sin xcosh y [ orq, - |
= R.H.S. |
Example 3. Ifsin (v + iv)=x+1iy, then
2 2
) ——+—2— =1

cosh? v sinhi v
(G.N.D.U. 2009; H.P.U. 2009: P.U 2010
rz J’2 | | ;

) ; _ -1 (G.N.D.U. 2009
@) sinu  cos’u %P, 2010)

Sol. + x+ ij>= _§in (u+iv)
x+iy=din ucos (iv) +cos usin (iv)
x+iy=sinucoshv +icosusinhv
Equating real and imaginary parts,
x=sin u coshv ' ' ' (1)

y=cos u sinhv o ‘ ‘ w(2)

From (1), sinu = 28
cosh v

Y.
sinh v

From (2), cos u =

Putting values of sin , cos # in sin? 4 + cos? y = 1, we get,

x? Y : vhi
+ = 1, which proves result ().

cosh? v sinh? v

(i) Again from (1), coshv = _x_
sin u

P4
Ccos u

From (2), si_nh v =

Putting values of cosh v, sinh v in cosh? v — sinh? v = 1 we get

2 2
x y . .
- = 1, which is result (i7).
' 2 y.
sin“u  Cos” u
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pf‘”“ 415
.ml‘" 4, Iftan (0 v i gp) = cona toisin e, where the letters denote real quantities,
I {
Ve [hﬁ!
‘ ) nn : n
(n 5 1 (P.U. 2008; Pbi. U. 2011)

he noo« 1
(i ¢° “‘“[T"'" 5) or ¢ ",“Ut%lun(%a»-%}

(P.U. 20085; Pbi, U, 2008; H.P.U, 2009; G.N.D.U, 2009)

sob (D Here tan (0 +i¢) = cosa +isina (1)
Changing i to —iin (1), we get,

tan (0 - i) =cos @ - isina iwil2)

tan (0 + i ¢) + tan (0—i¢)

Now tan20 =tan [(@+ig)+ (O -i¢)| = | —tan (0+ i ¢) tan (0 —i¢)

| —tan (0 + i¢) tan (0 — i)

cot 20 =
tan (0 + i¢) + tan (0 —i¢)
1—(cos & + i sin @) (cos &t —i sin &
- tisinio) Gos 15 7 60 [ of (1), @]
(cos a + i sin &) + (cos ot —i sin &)
. l—(coszot-—i2 si112a) _ l—(cos205+sin2 o) _ 1-1
2¢c0s 0 2cos o 2cos
n
cot 20 =0 = cot 20 = cot 3
nmt n
2(5?=n:rt+£ = = —+—, wheren €l
2 2 4

(i) Again tan(2i¢)=tan [0 +i¢)-(©@-i@)]
tan (0 + i¢) = tan (6 - i)
1+ tan (6 +i¢) tan (6 + i)

itanh 2¢p =

_ (cos & + i sin o) —(coso—i sin o) (- of (1), @))

1+ (cos o+ i sin &) (cos o —isin @)

2isina _Zisina
2

14 cos o +sin? o I+1

itanh2¢ =isina
tanh 2¢ =sina

.20 _ -2 :
or e e _ sin &

e o720 | !
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SThg.

' I
Applying componendo and dividendo, \

19 -2 20, 720 sin i~ ) 297
(20 - %) (e +e ") ‘ 2700

2 ¢

« ( 7}
A = +2cos —sin &
p 2 2

) cos” — +sin
|+sinc 2

—sin © o
|-sin & c0525+sm

o +5sin ?)Z
cos 5 5

19 _
89_

20 o . «
~- ~2¢05—sin —
5 > m2

/ e
o . u
c0s — —SIn —
. 2 ZJ
o 2

o
|+ tan — 1+ tan =

ltana ]
b & : g
5 n

& =tan [ Z4+2].
4 2
Example 5. Find all the roots of the equation
sin z = cosh 4.

Sol. The given equation is
sinz = cosh 4

or sinz =cosi4 [~ cos ix=coshy]
or sinz = sin (1—41)
p
n|? .
z=nr+(-1) (5—4:]wheren el

['.’ sinf=sinf = 9=n:r‘*(-llﬂ“]

Example 6. Find all the roots of the equation coshz = %
Sol. The given equation is
1
coshz = —
2
or 5 5

/
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‘“.",mm A COMELEN VAl _

TR

r | I .
) | |
‘ ' u‘ o "h o '
|‘| l”. ¢ l l “
Pt e’
v =g
)
i Jo A (1)
'i
TS RTYN:
2 2
TR
AR 2=2inm Iup{; i l‘/;nJ. where n € )

AT
2inmA Ing( \/}1' r;l*]i-llsm "3 <2inm e log | + l%

zm f(z N %—) where n € 1

; mi
| Example 7. Find all values of z such that - sinhz = ¢ 3

,’"gol. The given equation is
il
sinhz = ¢ 3

. , T ,
or sinh (x + 7/ y) = cos=-isin —, wherez=x+/y
3 3
% . . I \3
L sinhxcosy+icoshysiny = 3 + i

- Equating real and imaginary parts, we get,
X

sinhxcosy = =» sinhx=

2cos y

!
2
B3 3 )

’ s AU hx= -
coshxsiny 5 = (0s 2

sin y
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2,
From (1) from (2), we get, N

3 1

= f—

4sin2y 4c052y
3 I I

] = = -

or :
4 sin?y 4 cos? y

cosh? x — sinh? x

4 sin?y cos’y =3 cos’ y —sin’ y
4 sinzy (1- sinzy) =3 (1- sinzy) - sinzy

or )
4sin’y—4sin'y =3-4sin’y
4sin'y—8sin’y+3 =0
ity = 8:v64-48 _ 83416 _ 844 1 4 1
8 8 8 8°% 373
Now sin’y = > s impossible as sin’y < |

. 2 1 ; 1

sin‘“y = — = siny=#+ —

2 V2

o 1
Rejecting siny = —— as'if sin y is — . i
jecting sin y 5 as if sin y is —ve then frgm (2) » €osh x is also —ve whig, is
impossible

L . 7
sSiny = —— or smy=smz

2
y=nm+ (-1)" % where n €1

Two cases arise :
Case I. nis even.

- n P, i
y=nn+ a and so cos y is positive as y is in first quadrant.

U A [T _ T _
cosy = 1—s1n2y = loms = |4 =_1
L2 2 \/5

from (1), sinh x= L
N3
From (2), coshx- ﬁ "/5 E x=§osh"' _3_
2. L 2 2 2
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NOF A COMPLEX VARIABLE

0 _ 419
| ‘= log| 2 )
(R {5
Z=xtiy=1lo ﬁl‘ . n |
) lg{ \/5 ]+l(nn+?)

case [I.nis odd.

T
Y=NT—-— 3 i i
" nd cos yis negative as cos (nar - 0) = - cos 0

cosy = cos[nn—E = _cosf =_1
4 4 2

1 l

From (1), sinh x =

-1 =
2% — 2
- 2

~+sinh ™ x=log (x + ,’xz + IH

L

=145 4B
x = log [——\/1—5 +I\/%} = log L_lj_fl_i} = 10g{—7—2_—}

52 z=xtiy= log{fjﬁ_l}+i{nﬂ—%}

EXERCISE 14 (f)

6 0 o (Pbi. U. 2011)
(i) sinh (i7w—6) =sinh8

T
jii) t h(l’—+9)=coth0
(if) cosh (i z +8)=—cosh 0 (iii) tanh | i~
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