APPLICATIQNg .
DE MOIVRE'S THEO

Art-1. Roots of A Complex Number

Show that there are ¢ and only g distinct values of  (cos 0 4 4, U);f ,
' ' . q 1(
positive integer. |

0 .0, F
Proof : We know that cos — + 7 sin — is one of the values of (cos 0 + sin )1 1
q q .

I

We want to find all the values of (cos 0+ i sin 0)7
. !
(cos@+isin0)? =[cosRnm+0)+isin2nn+0)]9

|
2nn+6

q

one of the values of (cos O+ isin 0)7 is  cos
Putting n=0,1,2,...,qg- 1, we get

6 .. 0
Ist value = cos — + i sin —

q q
2nd value = c052n+9+isin il
q q
3rd value = cos4n+9+isin i
q q

X 2(g-1)m+0

gth value = cos 2l I)7H'6+isin i Lnad
9 4 0

In these g values obtained, we find that angles involved in &1 oo

. s atfflh
values differ from one another by &g <27 as qis a positive intege’ gre

q

\ - - 344
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\ f’
" B 7 CoHs Q 1 " )
,.,,W‘i" ifwepit N=g 1, qoy - the vafye q g 1stvalyg
U Was 74

wl* jain )" Wias o and only ¢ differens Values v,
4 W ich are obs:
y < 2 P 0 ta]nedb o

”"'0‘ l¢211110(/— l lnﬁf)’i ‘—r,-{c_t‘g_.*'l . 2”ﬂ+(} YPthlng
g Siry T
4
at (cos O+ isinn? ..
3, v BRI O) g 4 and only 4 distinct
(H.p

1. 2002, 201 I;P.U. 2008; pri. U, 2009

» 2011)

r !
(eos 04 1 8in 0)7 = [(cos O + i sin (J)ﬂ]E : '

= (cos pO+jsin pg);

[ pisan integer]

“fcos(Znm+ PO)+isin(2nr+ p0)];’

4

 oneof the values of (cos 0+ isin )7 §s coq 27 PO L2nz+ph

+isi

9 q

| Mg n=0,1,2, ... 4~ 1 we get,

Ist valug = cogfgﬂsin-’ig
q q
q q
47+ pl
Ird value = cmwwqin p 4
q

..........
lllllllllllllllllllllllllllllllllll

2(g-N)=+pb
P vajys -~ cmZ(q—l)ﬂ+p9+’,5m g

q .
) e : i onseculive
9 values obtained, we find that anges involved in any 0 ¢

( . ar b ca:ﬂmm'
t'mmmm""“"h"fb)’ 27 51 a5 gisapositive inteBer &
q
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Also we know that no two angles, which dilter from one anoth, | ] Y,
2 o3 'Y lay
can have both their sines and cosines the same, Y w‘

. all the g values obtained above are different.
Now putting n = ¢,
2qr+p0
q (l

0
= cos(2n+p—]+isin(2n+—p—”J
q ‘I

2 + pl
(g + Nth value = cos L Kl

= COS —I-’-—{-)- + i sin p_O
q q
Similarly, if we put n=g+1, g +2, ..., the values are repeated,
P
(cos @ +isin 0)7 has q and only g different values which ar Obtging

putting
2na+p0 T 2nr+ po

q i

f

Art-3. Show that g values of (cos 0 +isin 0)7 form a G.P. whose sum is zero,

q being integers prime to each other.

n=0,1,2,...,q-1in cos

(Pbi. U. 2009: HP.U 2
£ 1 '
Proof : (cos 8+ isin 8)7 = [(cos 0 +isin 0)” )7 = (cos p@+isin p6)?
!
[cosQnm+p@)+isin(2nm+ p0))?

2nn+ po
s————znn+p9+isin——-—n L
q q

where n=0,1,2, .4

2nn 0
cos(—zﬂr-+£g)+isin( . +!)——‘
9 9 g 9)

co

?

i

( 2nx . 207
cOS L + i sin _p_@ (cos "% +isin T }
\ q q ) q

f ) 28 . 28| uf
cosp—e-i-lsinp—e (Cos——+ism-;‘ .

\ q q ) q

Y i "npo r c0521r"'+-isin2’r

= COS +isin—, r= —— S
where a= €0 7 q q q
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e

.,a”f |

a[l—(c032;z+,-sin2r

= )
I=r :
- (I[l-(l+10)] N a[l-—l] 0
- I e P [~ r=1)

I’pomut resultant to be remembereqd
[, 1=cos 0+isin0 2

x-ﬁisinﬁ

j= co$ — - o =

3.7 2 D) 4. _:—cos(-%}ﬂhisin(—z)
. 2

ILLUSTRATIVE EXAMPLES]

fumple 1. Prove that the 1 nth roots of unity form a series in G.P. Also show that their
g is 2270 and product is equal to (— 1™

(P.U. 2004, 2007, 2010 ; G.N.D.U. 2001; Pbi. U. 2008. 2011, 2012: H.P.U. 2012)
! ! !
” =(cos0+isin0)” = [cos(2rz+0)+isin(2rx+0)]”

~l=cosz+ising

2rr . 2r=®
+1715sIn
n n

- Pating r=0,1,2,3,...,n-1,weget nroots as

: " 2 . 2=x ( 4r . 4=k
(0010+,5m0)’ €O0S —— + i sin — [, | COS——+ IS — ...y
: n n \ n n

= ¢os where r=0,1,2,3,...,n-1.

2 -

®Y 2K o 5 S%
Sy 2n 2r L Tl S cos———-"fsm“’}
"(cos‘-—-!-isin——— ol oV 3 n "

n n n
a 2 .. 2X
: | = coS—+isin—
""2-'].....:"_ where (= €05 n - n
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bl' (l'nl .
Ihese roots torm a G.P, N 3

ol
Sumofroots =1 et 1.1 i
2n c2nY"
|- cos + 1 sin
l(l—-f”) n _‘n
=t | =1
| -(cos 2+ {sin2m) I -(1+0) 0
| | -— =
| =1 | —¢ l"f

n-l

b
Product of roots = 1. .17 ... !

"—2-'-'- H+m-n 2D

RS AR R
alp)
( 2n L 27[') v
= | co§ — + i SIn —
n n
= C0S 3’1."("—1) + 1 sin 2—”-”(”—”
n 2 B

=cos(n- D) m+isin(n—1)mx =[cosm+sin :r]"'l =(-n™

Note : Out of nth roots of unity, only one root namely | is real.
Example 2. Find the four fourth roots of -1+ i3 . ;
(P.U.2012)

Sol. Let —1+iy3 = r(cos 6+isin 6)

Equating real and imaginary parts, we get a
rcos=-1 )
rsin@= 43 N ;‘

Squaring and adding (1) and (2), we get
r2(c0529+sin29) =1+3 or rf=4 = r=2

From (1) and (2), we get
cos = —l,sin9= —2-
2 2

Both these equations are satisfied when 6= Cha

—l+1J_ =2 (coszT”Hsin-zE;r-)

LI | !
(-|+iJ3_)4 = 24 [cos331+fsin331]4

- y
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‘ M’ |
! =24 {cos(zn“ﬁ{ .
3 +!S|n(2nn+‘2£ﬂlfl

1 3
_ 54 {% (
3 + i sin i’%ﬁilw

|
3 3n+]
( OS‘?‘“'SinG\Ml)l

6 ),where n:[)‘]z}

=0, 1, 2, 3, the required values are
1

1 1 o 24 . . 2” =
I( 7, isin ], [cos-——+15m- 4 7
' (c056 6 3 3 2% | cos 6” + i sin LH]

Puning i

'/

n 5
24 (Cosl+ls| _T_}
| : | |

P A W T .
e 1 4 — 4+ 151N - 524 co n-
! : [0056 6] [ 5—3 +:sm—3} 24 (cos—g—isin%],

; : L ) l & l [ !
W [ Bi) a(21+iB) g(=VB-i) (=045
‘:‘ r 3/4
M Inmple 3, Fj B .
ple 3. Find all the values of 54. i 5 and show that the continued product of

_:all the valyes is 1.

(H.P.U. 2010)

.soLL L 3
| et§+,7=r(cosa+isin9)

Eq“aﬁng real and imaginary parts,

rcos@ =

rsinf =

Nl&l | —
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Somrme and addng (1) and (2). we get.

=

[ql-rn

!'

4= | Laa

r=1
From (1) and (2), we 2=t
I £]
i B
cosb = —_smbP= 5
: K
Bort these souarions are satisfied when 6= —
J
.3 3
1 B x \s _ RN 7
2 2 | 2 3 -
“ )
- - 4
= [cosw+isin zr]”

=[ecos(2nr+r)+isin(2nr+m)"?

Cn+hrx
—1 COS—_—

. 2n+Dnm
isin —————

where n=0,1 2 3
Putting n=0, 1, 2. 3, the values are

RN K74 kY4 St
€os — + i sin — — =T —
R 4,cos 2 + i sin ik » €0S — +isin —
Continued product of all these values

_ r .. =® 3r 2 o3 Sm x .8
oS —+ism—||cos—+isin — — — = =
( 4 4]( 4 181N 4)((:05 p) +isin 4)((:0574'[5"14]
(z 3m sm
= cis {— _ _+-7_JT- =
4 4 4

y Cis 47T = cos 41 + i sin 471
=(cosa+isina)'=(-1)'=]

Sr Ihs

cos—4—+isian

Sr

L.

EXERCISE 13 (a)
Prove the following

() Product of any two nth roots of unity is also an nth root of unit

2.

(GN.D- .
(1) - Reciprocal of any nth root of unity is also an th root of unt
Find the n nth roots of - | apg show that

(/) no two of these are equal ang

(/i) any one root can be expressed as a power of any other
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fal =103 -io,

[ ] BB s e ey g ry
()

2 2 Ty 5
| g’. M_ = L) S — ¢ R
&Lzsmz) [COS 6 I 8In —6—- , zs,n_z_ cos . ')-isin 5::( ¢]’
) ) )
1/3 :
(2 sin :f)_] (cos ¢ — i sin n-¢ .
2 6 6 |
4 4 3

Sn
A8 moos 2Ty gin 57
12 12

ST 51T 290 o SO0
05— 4 jgjn 22 § —— 4 i sin — |,
( 7g *1sin 48),i(co T T

p
A "imitive nth Root of Unity
N:‘:;“plex Number z is called a primitive nth root of unity if

v
°imeger such that 2" =1,

a2

and only if n is the
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In other words, = is a primitive ath root of unity ifl w s

(n 2"=1 (iy 2" ) ot m=nom €N

Examples :
(i) Since 3 is the least positive integer such thit w' =)
m is a primitive cube root of unity.
(/) Since 4 is the least positive integer such that f=|
i is a primitive fourth root of unity.
(iff) Since (= 1)' =~ 1, (- 1)" =1
~ | is a primitive square root of unity.

. I "
Art-5. Prove that £ = cis E—— is a primitive #th root of unity,
n

(G.N.D,U, 200, 2092, 28953

. 2 2m , , 2m
Proof : Here & = cis — = cos — +{ §in —
n n n

n
£ = (cosz—ﬂﬂsinz—n) =cos2m+isin2m=1+i0=]
n n

Now we will show that # is the least positive integer such that =],

If possible suppose that m is a positive integer less than n, such that £” =1,

( o ,.erJm
cos — + i/ sin — =]
n n

(275 ) . (27: J
cos|—m|+isin|—m| =1
n n

m .. [m m.
cos (— 27r)+ i sin (— 27r) =1 = — isan integer
n n n

= m = n, which contradicts that m <n

our supposition is wrong

n is the least positive integer such that £ = 1
. 21 -
&= CIST Is a primitive sth root of unity,
.2 o[ et
Art-6. If &= cns—n— and k €1 such that (k, n) = d, then g" is a primitive (;)lhn‘

of unity. anou. |

2
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o exist infegers &

' of s A, Steh th .
o hydo o and (k, Y-y
k. 2\t
all prove that & (u.\ - ) o Zchi |
‘)/6 koo n # Haprimilive nith o
T A LUy ity

2n\" i
) Uc's 7) } " BTN - gh

”possible, stippose that (£ y7 - b s

Mand men
2m \km
o = €18 ~— "
; ﬁkm" ( n) ] = cns-_k_"iﬁ=\
! n
. [k
(l‘m 2n]+ism[——rﬁ.2n):1
& cos | n h
k’” is an integer
n
L, nlkm = mdkdm > mlkm
But (k1) =1
il m = m = n;, which contradicts that m < n,

. our supposition is wrong
y (E")”’;ﬁ { for m<n, mEN

n .
i imiti ' — t of unity.
5 f‘ is 4 primitive nith ie., (d)th root o y

( I If &= cis :—Z—JE and k € 1 such that (k,n)~ |, then _Ek is a primitive rth root of
. e Vo C n
E L)
Wl ; Since (k, n)=1
. Py

, ey - T
¢ is a primitive Tth
n

 Take k=2 0 gy=1 il
. fF (2.m)
. yhaprimitivc nth root ofunlIYIff(
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ILLUST

pProve that the reciprocal of a primitive nth root of Uity 15 5

Example 1.
g 45-’} [
vim

root of unity.

2

Sol. Take & = 508—2-7—:'4'11"1-—"
n n

Let E" be a primitive rth root of unity.
(k1”)=l = (‘k,n)"'l
£ k

—]—- i.e.. the reciprocal of f:‘kis al imiti
5" e., p ¢ 50 a primitive nth root ofump,

Example 2. Find the primitive 8th roots of unity.

is a primitive nth root of unity

(Phi. Lﬂ

Sol. Let £= clszz—cos-z—n-ﬂsmzz 4
8 8 8 4
1

8
53=(c052?”+,‘5in%7£) =cos2n+ismn2n=1+i0=]

for a positive integer k<38, 5" is a primitive 8th root of unity iff (k 8) =

k=1,3,57
£, £, & are primitive 8th roots of unity.

Example 3. If £ is a primitive nth root of unity, then

x-E(x-E)x-8)... (x- g VA AR S C
;. 2% . s o ,
Sol. HereE=c:5——-1sapnmlt|venthrootofumty
n

1, &, £y vy E"” V are distinct n, nth roots of unity.

-1 :
> 1,5&, .., & arenroots of the equation

X'=1 or X-1=0
1= (x=1) (x=8) (x =) v x-&""")
Also X =1=(x- 1)(x"—] s 25 L x0)
From (1) and (2), we get,
n=ta_ nV o m=2, ex+l

£ x=) . (x-E" )=
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Ex_ps
\ ilzg 6”1'51)&—5“,-
| ¢l
1 I upn-mitchIZth root of unjy
1 gis 12 )
N ([ 2h o
i cos_l.i—-i-ismﬁ] TCOS 2 4 g
T+
FEES R TNy
5
r ... 5
Z4isin—=| = ”
W Gl 6] G Hin
LA X
5 _ -5 _ p-§
g E =],E =¢E =(cos£+" AN
g = PR L =cos—’—[—isin5—’r
6
;g = E"ZE"=( e i
LB s N, _ L n
: £ 6+:sm-6—J =cosg-isin%

5S¢ .. 5m St
.'-§’+E7=(COS—6—+1Sm?).’-(cos"ﬁ_'“i"%ﬂ]=2c055?n

m)_ n 3
= 2cos(7r——6—)— —2cos€ = —2[£J= -3

2

n .. T T .. T T $3
nd g+§ll =(Cos-g-i‘lsm—6')+(COSE—ISIHE)=2cg5_=2[__.J=‘/5

6 2
(x-E)(x—-f’)(x—é")(x—.é”)=[(x-§>(x~s”)] CRICED)
[ B [P+ e
- 2B B3t

=+ )2 - (sﬁx)z =x4+2x2+l-3x2 =x' -+l

. . 2 -
¢ 6th root of unity satisfies z -z * 1

0.

funple 5. Show that each primitiv (P.U.2011)

2n

p—

21 2T
Ll E=cis 2% = cos —-+isin
£ =cis o 6
6 . ~1+47.0=1
A ; M-1+i.
6 _ 2 . _2_1:_] = cos 2 +isih
§_—(cos—6—+lsm 6 ‘)

ity iff (k,6)=1
Ek isa primitive 6th root of unity

for a positive integer k <6
k=15

" &8 are primitive 6th roots of unity-
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Mg,

i m !
Now & wgh p'wlb'=&" '(Cm 6 ,,,.m,_(’fJ * Con 20
) ’

o 2n ( 2 . 2n
v EvE e [ cos =4 18in — [+|COS~—~isin —| =2, T
§+§ (um (’4/5 (’J 5 ()J 2u,..3

The equation with &, &’ as roots is (z-£) (z - E) -0,
or Z-(E+E)z+8=0 or  Z-zti=g

Hence the result.

EXERCISE 13 (b)

1. State which of the following statements are true of false, Justify you, .
R

(i) Every primitive nth root of unity is an nth root of unity,

(if) The sum of two primitive rth root of unity is also a prim.

. nhy
unity.

(iff) The product of two primitive nth root of unity is also a primjye rthr
unity.

(iv) The square of a primitive sth root of unity is also a primitive .,
unity.

(v) An integral power of a primitive sth root of unity is also primitive g
of unity.

2. Give an example to show that if £ is a primitive nth root of unity, then &
not be a primitive sth root of unity.

3. If E=cis 27”,(:)(}')ress EVED ED EY a5 where 0<k<T,

4.  Find the primitive 6th roots of unity.
5. Find the primitive

(i) 4th (i) 6th  (iii) 7th  (iv) 9th  (v) 10th (vi) 12th rootsof unity

6. Show that if p is a prime, then there are exactly p-1 primitive p™" roots of uni

7. If& is a primitive 8th root of unity, find (x-&) (x-&') (x- £) (-f“-g)l'J ,

(PU2

8.  Show that each primitive 8th root of unity satisfies x' + 1 =0.

(G.N.D.U. 2009; P.
0.

0. 201L %

9, Show that cach primitive 12th root of unity satisfies x’ _P+1=

. . , roots
{0. Find an equation of least degree with real coefficients whose

primitive 10th roots of unity,
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'S Whepa g
g’ where & = ¢is 3’1 eE‘Cisgi

. 3
5" ° g e
2 g3 £4 FS 26 —
(”i) E’_E,_E’.&s_gv,& WhereE:Cis 27( 6

—_—

7
. :, gz. .E‘. _ES. £ g Where £ cis o
9
(v) ,E, EJ’ g'l, _Eg Where E = Cis _2£
10
W‘) _E, _55; E7s _E” where E = Cis 25
12
A 10,

(

3 -1, There are certain ty;?cs of equations in which use of De Moivre’s theorem makes
A lution very easy. We give some examples to illustrate this fact.

ILLUSTRATIVE EXAMPLES]

3

,
+x -x+1=0.

(H.P.U. 2005, 2011; Pbi. U. 2011)

‘Huumple 1. Solve the equation x* - x

4 The given equation is _
e+t =x+1=0 A
Multiplying both sides by x + 1, we get.

+1=0

e(2)

! ’ . 115
X =(- l)l 5=(cos:r+:sm7r)

115
(2 nﬂ*ﬂ)]

=[cos@na+a)*isi

‘ (2n+l)n \\’hel'e n:0‘|'2,3,4.

: 9 T .
ECOS(_hf_t—l—)-——-i'lsm 5

5
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Example 2, Solve the equation x

SPECTRUM ALGE gy S5 4y
\['.
.”

' ” -
Putting 5 - 0,1,2,3, 8, the tocts of (2) are
n 71

7 n
(V45 ¢ hot o S b - ‘
o<, cos P */sin g ST “ising,
cos s T
ry == et N
P +l.m.( ‘Cr,r,f'?- ;
n 4 In Ir 3 B
Of  cos--sisin—,con—+isin— | cosr_ ;. In
s T8 s 5 s /M=, ol
¢y
rn , r’w :
or -1, um—-—:lsm—g— where r=1.3

But the root - 1 corresponds to the factor x + 1,

) ‘R, r’®
- roots of (1) are ws—-s—-iismf where r=1,3.
5
[0+x3+x6+x4+x2+|=0.
(G..‘J'_DJ

SOLTthiym equalion is Xlo+xs+x6+x4+x2+ I1=0

Multiplying both sides by x2 -1, we get
(xz-l)(xw #x% +x% 45 +x2+l) =0 or x'2-j =

2, b3
2" =1 or x= (1)1 = (cos0+isin0)12
a [
x =[cosZna+0y+ism2nz+0)]'2 = (cos2nz+isn In7)t

nx .. nx "
=cos—6'— tsmT,where n=0,1,2,3,4.5,...11.

Putting n=0,1.2,3, ..., 11, we get
T X 4

-
-

, e _® I e l‘r ie . i “* #
x =c050+tsm0,cosg+:sm—g,cosTHsmT.cos:-:m

J J
2z . 2 St . 57
€05 — + fSin — , COs — +isin—.CosT74
3 6
TK - 7:1. 4/T .« @ 4-7 OS-:—T"II
€0Ss—+isin —, cos—+ism—. (7
6 6 3 3 :
57 57 o1
cos — +isin—. ¢
3 J )
Ep 2z
2 T i cos—=xismT"
or x=1, cos— Zism—,cos — E£ism . L O~ ;
> 23
;,‘: g S.T l ‘,t"’f'-.\‘ﬁ
cos— = isin —.~
6 6
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, 1)are
Mo"( 1\

f.:‘:isini—.cosi4. :
6 3 . ‘Elri -:E. o 2-‘7 -~
30—t s 25
3 .
|
Sx 5
‘ o — r ¥ | ‘L}'] i -~
‘ =1, — 1 which were ; 5 e
| Jeft x €re Nrodyceq by multing;
e 6.,6 g 7 iiiplication of 52 _y
golve (1+7) +2" =Ouhere ;o ., Y
3 % 2 complex number
o : (GN.D.U. 2009)
(1+2) P Sewy
6 1
+Zz = = +is] i ' F
[L__'] = — l COSTT~Ismx 1.2 112_ = {COSJ" .:,igin -{)‘)
z z - - /.

i
1 1=[cos@na+m)+isin2nz =)}
z

1) 7 +1) 5
_I.=_]+ cas-———(:M+ )7+isin———(2n 1)71
z 6 6 |

2n+)=
-!-=—1+c059+isin9, where 9=__"T)_
1 ]
= — = 7
z —1+cos@ +isinb -Zsinzﬂ».z:'sin-i—cosz
i
! L
L = - 7 =
2isin—|cos——--SM7 L )
2
o | 9 9
g ___,_'__-tcos-—xsm-z-
= E cos-——+iSiﬂ" AN ),
& 7] 2 2 Zsm—j-'
2 sin — 2
2
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Example 4. Prove that the roots of the equation (x - 1 =y (n be; 4
! i T
2[I+lcat_n:J where r has the values 0, |, 2, SRR B i
n
(P.U. 2006, 2007, ZOII;G.N.D,U (
Sol. The given equation is - 2003, Phi |
x-1)"=x" or (f;l)”=l or X2l _ l/n
) T o
= ) /
. Xl =(cos 0 + / sin O)] 7 =[COS(2rJr+0)+l'sin rx )]V
x o
2rr . 2rrm
= ¢os +17sIn —— | where red g, n-1
n n T
x=1 _ cosO+isin@ 2rm
= , Where § =
x 1 n
| o I
———=cosfO+isinf or |—— =cosfO+ising
x X X
1 .,
— =l-cos@-ising
x
1 |
x= ”
l—cosG-—ismB 2.0 - 6
2 sin? —=12sin — cos —
2 2 2
- ‘ - ! (cose-i-'s' o)
_ = —+isin=|
.0 6 1.6 .6
—2isin—|cos ——~sin—| 2sin~ ’ =
2 2 i 2

i 6 . 9) 1[. o
= COS——iIsin—|=—|jcot—+]
60 2 2) 2 2

2sin —
2

x= l’:lﬂ'cotgj, where r=0, 1, 2, ey = 1.
2 n

Another Form :

Solve (z-1)"=Z" where nisa positive integer and show that the real partof

. N D2
rootis —. (GN.D
2
. 2n 2n : are \:i\fﬂ
Example 5. Show that the roots of the equation (I+x)""+(1-x)
-Dr
* itan —('2’-4—) where r= 1,2,3,..,n
n

9; pbi. L2
(P.U. 2003, 2006, 2010; G.N.D.U. 2007, 200%
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or

or

1.

L

ﬂi = (cos 7L + [ 5in 7)) 2n (
14# (;fr'.fz’.nL

::I'C()s(Zf"" ')7{ I
2r+l)yn
= C08§ —————
2n

4x _ cos@+ising

~+igin2r+1)n

— T where g (254
| el \L’E

b

iying componendo and dividend,

we get

(]-l‘-x)+ (1-x) = (cos 6 + f gin ) +1
(|+x)-—(]‘—x) (cos B + i sin )~

2 _ (I+cosB)+ising

%X

4

2 cos cosB+‘s' o
il — 4 jgin
;oo g5

Zn

20
2cos E+t.23inﬁcgsg

57 —(l-cos@)+ising = ——= 2

-2sip? 24 N
5 1.25m2cosa

% | =

I

. 0 6
2i51n§(cos§—7sin—t

A
2)

] f
= -cot— =
i 2

x=jtan—

EXERCISE 13 (¢)

(”’) x7-'.-1=0

x = jitan _(Z_’ﬂ _where r=0,1,2,3,...,2n-1
4n
x==Zjtan (2_!‘-_1)_71 where r=1,2,3, ...
+ 4n ,
Solve :
h $+8=0
Solve
() ¥+ +2+x+1=0
0

Wy B+ +xt+P+5+x*1"

(GN,D.U. 2008)
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it4, Important Results to be Remembered
(1) Let x=cos @ +isinb

Y I :(C039+isin9)"=cos‘8—isin9

]
x cosO+isinb

:
] .
x+—=2c¢os0 (1)
1I' !
o x——=2;sin6
X : )

i 4
. . m _ m @+ ismnm
Agam xm = (COS 9 + 1 SIn 9) cos

oy —i inmb
(cos j sin g)" = cos o0
=(cost/ -
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3 SPECTRUM ALG -
66 ECTRUM ALGEBRA 'S["L‘*TI:R-I

m =2cosm0

I
X o e
"

m

and X ~——I— =2 isinm0
m
X

Results (1) and (11) will be frequently used.

(2) Ifnisa positive integer, then
n-2 2

non n . n n-1 "o n
(ta) ="Cox * Cix at Cx a+..+"Cpd

Students know that
(/) number of terms =7 + 1
. y n n
(if) coeflicient of terms are Co."Cy,"Cy, ..., "Cp which are il
i

‘coefﬁcients. ‘
There is a very familiar method of writing these binomial coefficients, Ty,
- 1Ng

is known as Pascal Rule, which we explain below :

Suppose we want to write the coefficients of various terms in the expapg;
: 1o

" '
(x+-l—) . We do like this :
X

Index Binomial Coefficients
I 1 1
2 1 2 |
3 1 3 3 1
4 1 4 6 4 1
5 | 5 10 10 5 1
6 I 6 15 20 15 6 1
7 |1 7 2 35 35 21 7 W
8 1 8 28 56 o s6 28 8!
I 8_. ) 6 4 2, s¢6 28 8 1
(x+-;-) =x +8x +28x +56x +70+;_2_+;4_+—;6‘+x8'

ing by 2.

[t must be noted that powers start with 8 and go on diminish ]
J end are €4

(iif) Coeffi cients of terms eqUIdlStant from the beginning an

should be remembered that no, =" ¥,
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ATIONS OF DE MOIVRE's T
" HEORE y

f nis even, then there 7
(@) | €15 only one migqy
‘ - aCke term 7 o
s
i 2
if nis odd, then there are two middle 1
N trms Tl’,! ald Tﬂ*
z 2

3

. n,.
ypt-9- Expansion of cos” 0 in Terms of cosines of Multiples of 4
- o1l
Let x=cos@+isinh, - x”zmsn,) isinn®
Tismn

1
— =cosf—ising, . 1 _ .
% ’ o = osnli-jsinnk

P |
x+;——2c059, x”+;_n_=2m3n9

n
Now (2 cos 8)" = (x + 1]

X

b | %1 ) !
o Coxn T‘"Clx" I-—+ HC In 2.—"5'..,4 ncﬂ_zIzp'—"-

2 —
X x2 Xﬂz
g | oe b
= ""lz'j;:-' ""'r-r
n,n~ _n2 0~ n-4. N 1 e !:-’('L
=7'C0x + CII + sz P o Cz "_4-.— ﬂ'—Iﬂ,z ”' [’
Two cases arise :
Case I. niseven
In this case, there is only one middle term
Z
=3 n
= n 2 ="C
Ta = Cpr2* ]2 ni2
5+I X
( 1)
n_n i et s”Clx”’Z-:———-—z;
o ReosO) ="Col ¥ YT I L)
( —4 1 ‘, +7C .,
"'HC-,.IX -—.ﬂ_—:‘-— - L 2
“\ Bewt -7
- -2)8;
¥ "9="Co-(2cosn9)' Cy{2cos(n )95 | e
o'. 2 COS _—HC’ {zcos‘-n_:)el - -
2)6
|| nc_cosn8+"Cycos! _
ol cos 0= — 0 '
2" LI o

- "C-. Cc's("'—‘!ia.~ o -
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368

Sl'l‘:(TRUM AI.CF.IIRA-I Sk M

\
N

C : '\”"-l
ase I, nis odd L,
¥ |
l i N » » i - T H 3 "
n this case, there are two middle terms l'_' ‘ and s oy

2 2
e
i = 2 = N
1'21 "Ci’:" o C'_x:_lx
) 2
n-—'ﬂ 1 |
T = 2 = n
Tues = "Con® * o T O
2 2 P 2
2 (cos 0) ="c [ x" +._l_' 4 "c xn—2+ ]
B 0 X" | )
n n-4 I
+ Cz[x + '7‘4J+ +10 (
x )
S COS’_'-G': nC0-2905”9+nC| 2cos (n-2)0
© 4 "C2 2cos(n=4)0+. 4+ ;]C
' n-p-2s
2

: n
Socos 0=

’: 1 ["Co cos n 6+ "C, cos(n—2)8
2 it . :

+ "C, cos (n-4)0+....+ "C,,_ csf

Note : Students can find themselves the expansion of sin” 0 in terms of cosines or =
of multiples of 8 according as n is even or odd integer. They should use the forr.

(2 isin 9)"¥ (x——lJ :
x

TLLUSTRATIVE EXAMPLES|

- Example 1. Prove that cos’ f= LG [cos 70 + 7 cos 56 + 21 cos 30+ 3505 |
2

(Pbi. U. 2009 Hp L2
Sol. Let  x=cos0+isin®

Y™ =cosm0—isinm6
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]
d — =cos0—isin0,
an X

' .
—— Wos m 0 —isinmi

X
Now 2cos0 =x+ “lg 2cosmfl) = x'"+__l_
. ™M
(20050)7=(x+l]7
T X
‘Now by Pascal’s Rule, .
1 ]
1 2 |
1 3 3 l )
! 4.6 4 | ' ;
1, 5 10 10 5 !
I 6 15 20 15 6 |
! 7. 21 . 35 35 21 7 [
35 21 7. |

(2 c059)7=x7+7x5+2] C+35x+ —+—+—+—=
_ X x3 J‘_5 x‘?

T
= [x7+—%-]+7(x5+——5—J+21[x3+—l-3-]+ 35(x +i)
X X 7 X

X

27.cos7t9=2cos79+7.200550+21.2cos30+35.2c050
- > cos'f =_]E [cos 70 + 7 cos 50 + 21 cos 30 + 35 cos 0].
k- 5
Example 2. Prove that 16 sin® 6 = sin 50 — 5 sin 30 + 10 sin 0.
| (H.P.U.2013)
Sol. Let x =cosf+isin0, Y"=cosm0+isinm0
1 . %
and ! =cos@—isinf, —;?cosmﬂ—:smm()
X X
o 2isin9=x——l-, 2isinm9=x'"-—"7
X ' x
(Y s o3 o 5 | s Rule]
Qisin@y=[x-—| =% _S5O+10x——+—5 "5 [By Pascal's Rule
. X X x° X
( 1
= S—J—]-5(x3——13—)+|0(x-—)
NS X *
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AL

) 'q‘

SNt 0= 2 et 80 8208 0102 8in 0 ”"-uw
)
oF  1osin' 0 = aln 80 - S aln A0 010 sin 0, {
Example A, rove that

con’ Oain' 0 = 2 " Jcon 100+ 2 cos BO - 3 cos 60 B cos 4
At \

\ I
Sol Let v=cos@tigin®, = =cos0-/sin0)
\

| |
w o 2ceos0 =yt —, lelllﬂ“‘.\‘—:
X .

] 4
I
(2 cos 0)° (2 isin@)' = (.\' o —‘J (x.J_) .

X X

Now 1o obtain the coefficients of the various powers of x the py
‘ 6 OdUCt' e .
: . . I 1
write the coefficients in the expansion of | x+=1| | from Pascy|'g Tab|
' X ¢

' and ,-1*

’ I ’ ] al
multiply by x == four times in succession.
x ,

I 6 15 20 15 6 l

|
1 6 15 20 15 6 1 T
=1 =6 Li5 =20 =8 ~&"%
l 1 5 9 5 -5 <9 .5 . o
1 =1

1 5 9 5 -5 -9 -5 -1
1 =5 <9 =5 .57 9 FuS N
Il I 4 4 -4 -10 -4 4 4 |

l 4 4 -4 -10 " -4 4 4 |
BT (1 s | N P e B
il
I 1 3 0 -§~-6 6 "8 0 -3

1 g1 0, ~8aEs: 680K , |
Mg -3 o8t o6 =6 ;E_,Jlrﬁ//

~3 4 =8 2, 12 Rz a8

v o2
These are the required coefficients.
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flence (" Jb(')d -

S I 1
’E”Io+_||'?r)'*2[x8+—l~)-3 6, | -
- o y +;-(’-]-8(x4+i4}+2(x2+_|_ 12
‘ (200‘30)6(21sin())"=20m x |
7 S 106 "2(2(:0380
) =3 (2 cos 60)
0 .60y id . ~8(2cos 4
s 2708”0 sin ()72[%3‘004_200(;80*3%360 DS )+ 2(2cos20)+ 12
‘ “Osin* =20 T0C0s4+2cos20+ 6
L cos Osin' =2 [u)sl()()+2c0389-3cos60 80340+ 2 cos 29 |
- 00520+ 6]

EXERCISE 13 (a)

f, Prove that
. '
32 cos 0= cos 60 + 6 cos 40 + 15 cos 20 + 10.

(H.P.U. 2005, 2006, 2013; Pbi. U. 2009)

2, Express coso 0 in a series of cosines of multiples of 6. (G.N.D.U. 2002)
’f Express cos” 0 in a series of cosines of multiple of 0.
4, Prove that
r . [ ;
sin® 6 = - . [cos 60 — 6 cos 40 + 15 cos 20 — 10]
8, FExpand sin’ 0 in a series of multiples of 6. (P.U.2010)

6. Prove that

i sin* 0 - T;—g [cos 80 — 8 cos 60 + 28 cos 40 — 56 cos 20+ 35)

(GN.D.U.2012)
T Ex'press cos® 0 sin® 0 in a series of sines pf multiples of 6.

R4

o (H.P.U.2008) -

8, Express sin® 0 cos’ @ in terms of cosines of multiples of 6.

' ANSWERS *

L "'7 [cos 80 + 8 cos 60 + 28 cos 40+ 56 cos 20 +35)
2 .

3 "l;lcos 90 + 9 cos 70 + 36 cos 50+ 84 cos 30 + 126 cos 0]
2 -

-
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_ L [sin70 — 7 sin 50 + 21 sin 30 — 35 sin 0] \
64

7. - 1 [sin 70 + sin 50 — 3 sin 30 - 3 sin 0]
64

8 - L [00589-4cos69+4cos49+4c0520—5]
’ 7

2

Art-10. Expand cos nff and sin n6 in terms of the r-ratios of 6, n bein, , N
Sltiyg

In,

Proof : By De Moivre’s Theorem, | , .,

. n_ ' G
(cos @ + i sin 6) =cosnO+isinnf

or cosn@+isinn@=(cos@+isin 6)"
= e, cos" 0+ "Cycos” ™ 0. (isin ) + ", cos"2g

+ ¢, cos™2 0 (isin0) + ... + " Cpy cos 0 (i sin )™, n (J
. =‘(,,Co Cosng_ncz cos"—z 0sin? 0 + nc4 COS”—4gsin40j hmﬁp
+i ('"CI cos” ' O sin6 - i, COSN—BGSEH;I;
Equéting real and imaginary parts,
cosné="CO cos”0-"Cycos" 2@ sin?0+"Cycos”  Osino_
and sinn@="C,cos" ' Osinf-"C; cos" 2 Osin* 0+ ...

sinnf
Cor. .. tannd=

cosn@

”Cl cos™ ! 9sin 6 ”C3 cos"3 sin3 0 +..

”C0 cos” 9 - "C2 cos"™ 2 0sin? 6+ "C4 cos"* @sin*o-..

n
i cos 0
[Dividing num. and den. by ¢ J

ILLUSTRATIVE EXAMPLES

obtain #

Example 1. Expand cos 70 and sin 76 in powers of cos 6 and sin 6. Hence:

expression for tan 76 in powers of tan 6. -
: (Pbi. V-~
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o — |
w” Maivie's Thearem, 373

P g 0 s 70 (os 01 iy gy

N

/( ’ ‘
ocos’ 01 ¢ | Oy U(l‘ulll”)' e

. |
1COS™ M) ()
!‘ll\ ”({ )IHH, 0 ‘ (’“n”,

CCON 0 (fsin 0yt T,

) | (h
I cos’ 0 siy? 0135 ¢os' ) sint )

s

L”") 0(isin U}

(cos’ 0 CSUsin0) 4 ¢, (5 yin gy
Tcosl) sin® )

F(T cos’ 1) ' L

o | | SN0 - 35 cost ) sin' 04 21 cos? 0 sin® 0 — <in?

pquating real and imaginary pars, Sin"0 - sin” )

. o
cos 70 cos” 0 - 21 cos’ () sin’ ) 4 35 cos' 0 sint 0

7 0
sin 70 = 7 cos” ) sin 0 cos 0 sin” 0,

35 cos’ 0 sin’ 0 21 cos’ Osin o - 5in’ 0

sin 70 7(.05 ()
s 170 = —— = Jsin () - 35 cos ()sm 0+
oy 7” 3 21 cos? 0sin’ 0 -sin’ 0

...._,__,

.7 -
Cos U 21 cos? ()sm 0+ 35cos’ 0 sin? 0-7cos0sin% 0

e ——————————

1-21 l.m 0+ 135 l.m 0-17 l.m(’ 0

EXERCISE 13 (e)

I,  Express sin 50 in terms of sines and cosines of an angle 0.
(Pbi. U. 2008; P.U.2011)

2. Show that cos 40 = 8 cos' 0 — 8 cos” 0 + 1.
3, Expand sin 60 is powers of sin ) and cos 0 and deduce that

sin 60
sin 0

=6 cos 0 —32cos’ 0+32 cos’ 0.

(G.N.D.U. 2003; Pbi, U. 2010)

ANSWERS

I, 5cos'sin0-10 cos? 0 sin’ 04 sin’ 0

—

Art-11, Expansion of tan 0, +0,+...F 0,)

SI_S3+SS_ ..... ‘
]—'S2+S4'- ..... -“.r
., tan 0, taken r al

+0y)~

—-=3

Prove that tan (0 + 02+ ...

. ; an 0,
where §, stands for the sum of the products of tan Oy, tan

Hime

Foof ; We have

s (0, + 0y + ... +0n)" isin (0, +0a
(cos 0 +isin02) ..

+.,.+0p)

(cos(),,Hsin(),,) L

= (cos ”1 | sin 0I )
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.

N 0, +isin® 0(' #in by L,
oW Cos f 51 = COS 2l = cos ay
| +isin ), | T 038, (| itang, | |

cos 0y + i sinf, =c0592(|*“an0

...............................
.......................
L

cos 0, + i sin 6y, —cosB,,(lﬂ-[ang
<. from (1), we get,

cos (0, +0,+...+0,) +isin(0,+0,+...+6,)

=cosf,cos0;...cos O, [1 +iS,+ 7S, + Ps, v,-"ns‘]“{“'
=cos 6, cos b, ...cos B, [(1 - S, + é,,— L) HE(S, -—5]\;
Equating real and imaginary parts, )
cos @, +0,+...+8,)=cos B cos b, ... cos 8, (1 _52.;54_”-)

sin(0,+6;,+... +8,)=cos 0, cos b, ... cos , (S, - S, +85~ )

Dividing (3) by (2), we get,

tan(9|+62+,”+0n)= ::—::::

ILLUSTRATIVE EXAMPEEF' |

Example 1. If a, B,y are the roots of the equation x* +px*+gx+p=0, provet

tan”' a + tan™' p +tan” : ¥ = n 7, except in one particular case.
_ | (HPU.2)
Sol. Since a, f3,y are roots of the equation x’+px*+gx+p=0
Sa=a+f+y=-p
Xaf=af+fytya=q
afy=-p

Let a=tanf,, f=tan6,, y =tanb;

0, =tan” '@, 6,=tan"'B, O, =tan 'y

Now S;=Xa=Xtanf,=-p
S,=Yaf=Ztanf tanf, =g
Sy =afy=tanb tanf,tan 6, =-p
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[10NS orF DE MOIVRE'S THEORE M
‘A
1 375
i S, =S
, n (0, +0,+0,)= L3 ~p+p 0
[$Os , -8 e | :
A W5 I—(I l_q ) pr0V|dCd q#® |

g, + 0 tOhonx where ne | 4 g# |

Ta+tan 'frwn'y=
an'a f+un'y N7, except when q=1.

2. Prove that the equation a 4 sec g b

k = 2
I,mll’ sum of the four values of 0 which saisp cosec 6 = a’ ~ b has four roots and
ot the WSy 1Uis equal to an odd multiple of
mM.

:ﬂl The given equation is

ahsec0—bkcosec 0—(a* - by=y

0 wikl)
Let t=1tan E
20 - )
o- | + tan 5 R l+tan2 2 2
secv = 2 0 = 2 cosec ) = — 62 =
I-tan Y ~ 2tan L 2t
2

s, given equation (1) becomes

412 [ 412
ah|——|=bkl—— | —(a*— )=

or 2aht(1+8)-bk(1-A)(+)=21(@-b)(1-£)=0
or 2aht+2ahf-bk+bkt-2(a@-b)t+2(d-b)P=0
or bki'+Qah+2d-2)P+QRah-2a+2b6)t-bk=0

Let its roots be t o t 2" ¢ 5, g 0,
n—, tan—, tan—, tan—
et its roots be  tan — : 2
2 _ 42 |
Sl=_2ah+20 2?; s, =0
bk
o o _2ah-2a7+26% o bk __
' bk » 84 = -4
8, 6, 6, 0,) 1-S,+S
R cot | <Li-tydgt|a 2 4
> "2 2) | s,-8,
' 1-0-1 .
= : .
.20’!—202-2b2+2ah—2a +2b

bk bk
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T - T x ‘R !
), ) 4 ‘b
6 o, o, i o b
ot ) Y * 3 b ' 2 ) 2 A
‘ y )
o, ) v . 0, . i, — ’:
) | hich is an odd mul o
B, o, 0 #, (=n e 1), whieh AN ol IHIIII[)|L\”'T
EXERCISE 13 (f) -
Lo b . are the roots of the equation
. | } ] ( . ‘
4 in 29 ¢ ¥ cos 20 - x cos #-sind =0,
1 44 ) ok I T
prove that tan '« +tan f+tan ‘y+tan d=nm+ — _g
=
2 If A, 6.8, be the three values of € which satisfv the equation
tan 20 = 2 tan (A + @) and be such that no two of these differ by , my|
. . « I -
prove that 0, + 0, g, + c is multiple of 1. iPle g7
. 2 2 5 B die sl
3.  Prove that the equation @ €o0sS 0+bsinnf+2gacosh+ 2/bsing.
Cay
has four roots and that the sum of the values which satisfy it is gy EVen mys.
of 7 radius.
OR
Prove that the sum of the eccentric angles of the pomts of intersection , of &
ellipse x =acos , y=>bsinf and the circle X+ +2gx+2yscx Db 5
even multiple of 7t radians.
4. Prove that the equation sin 30 =asin 0 + b cos 6 + ¢ has six roots and 1% . -

of the six values of # which satisfy it is equal to an odd multiple of 7 radin
| (G.N.D.U. 201,312

Art-12. Formation of Equation

We explain ihe method by examples given below :

ILLUSTRATIVE EXAMPLES

2n 4r i1
F .ample 1. (a) Prove that cos 7 CO0s——, COS 8 are the roots of
7

8 +4x -4x-1=0,
- . ot 4m  OF
Hence form an equation whose roots are sec —., sec—;’—. sec "
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,4" 3
; forrm an equation whose oo n 4
jac i HAS are oo 1 4R ‘m
nA ‘ 908 -
(

sor
7 sec =~ and proy
m ) an y O / 7 o
15 s tan” o vtan bl
U ] ]
o
Inn
| e U 7

here s any integer, zero, positive or negaliye
" 5°F

i mihe values ' B .
(¥ pIving ont tues 0,1,2, 4, the vaslues of cos 0 are
2n An o
|, CO8 == , CO8 —=  cos "
7 7

f Qo \ ‘
l’d n- “' cos () cos '_’n ' Ul‘s(zﬂ - AEJ = CO% ’_”_!_
, l0n 4 an
for n=5, cos 0= cos — = cos| 27~~~ | = cos —
7 7) 7
12n
For n= 6, cosl) = cus—7—- cos{b{—z—n cosz—:r
: /
and 50 on. _
% no new value of cos f is obtained by giving to n, the values 3,5,6,7, ...
Now 70 - 2nnm = 40+30=2nax

j':.'. a0 =2 nm-30 = cosdf=cos(2nm-30)
.;-o cos 40 = cos 30 = 205’20 - 1 =4 cos’ 0 -3 cosh
e i(2c0520—-I)z—|=4cos}0—3co~;0
:o 2(4cos‘()-4cos’0+I)—l—(4cos’073cosf))=0
>  8cos'O-4cos’f-8cos’B+3cosfr1=0
Putting x = cos 0, we get,

§x' -4 -8 +3x+1=0 (1)
Put x=1in(1). :
A §-4-8+3+1=0
or 0=0
® x=|isrootof (1)
» x- | is factor of L.H.S. of (1).

1|8 -4 -8 3 |

8 4 -4 -1

'8 i -4 -1 0
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. remaining roots of (1) are given by
Bx' 44 -dx-1=0

Now x = |

" n ar
% lhc rcmmnlng roots cos -‘7— s COS 7

are the roots of equatien (2)
ie, 8xX’+4x-d4x-1=0

= cos 0 =1 which refers 1o cos

My
(1
b

2nn A

8

y CO§ —
7

Now we are to find an equation whose roots are

2 4 6r
sec —, seC—, SCCT

) 2 ar 8n
ie, sec—, sec—, sec —
7 {4

Let new equation be in y.

1 1
y=-— o x=-—
X ¥

: L
Putting x= — in (1), we get,
y

8 4 4

—_— 2 _1=0
y oy

or 8+d4y-4y'—y’=0
or Y +dy-4y-8=0

n 4r ér
Its roots are sec T , Sec 7 , SeCc—

<

6r

2T - 4
sec— +sec— + sec— =-4

7

.. 6
A SCCT=SCC(2E\_§7E) .
7 ):"‘;:(.;;
3

(6) We want to form an equation whose roots are

sec? —ZE,' sec? ﬂ, sec? ﬁ
7 7 7

Let new equation be in .
1=y or y=+t
Putting y = J}- in (3), we get,
r+ar-44r —8=0

o (1-4) Vi =8-41
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(CATIONS OF DE MOIvRg'g TiEoRpy,

7 gl = -4y e 379,

2 -—
1 (f '8”16)—64”6’2_6

or ) 41
e B2 +801-64 =
2n
[ts roots are sec? | o2 47 secl 0T ()
R 7
2n
sec2 — + sec? ﬂ + sec? or
7 7 ‘7‘ =24
I+ tan® —
2 + 1+ tan ~+l+tan2@_=24
7
P idd 2
> tan + tan ‘+tan267n=2|
1. (a) Form an equation whose roots are cos % , COS F , COS _§7_r
Hence evaluate secg +sec3—ﬂ+sec5—ﬂ .
(G.N.D.U. 2013)
(b) Hence obtain the equations whose roots are
T 3
(2) sec? = , sec? — . sec? =
7 7 7
) »TT 2 3w 25w
tan® —, tan” —,tan” —
¢ 7T 7 |
R 2 in 291 _ 1
(i) Deduce that cot 7.cot ik cot® == =2
2rm

L 32 5
2. Prove that the roots of the eqpatlon ©+2x°-x"-2x+1=0are2cos —

where r=1,2,3,4. | 4
3 Prove that the four roots of the equation 16 x™ —

. 2m
tsinzsr—, + sin—.

5

20x’+5=0are

2 0+6m
N + tan 9%_/ r +.....+ tan

ANSWERS.

=7 tan 6.

4. Show that tan7+tan

Ir (a) 8x3-4x?—4x+1=04 2 i
. ' ' g 52-7 =
) () 13-2412+801-64=0 (i) 2 21-z‘+34
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