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CUBIC ap, |
yTION OF An |
SOLUT ic EQUATION|

W |’
solving the cubic ax +3 ""‘2*3(4214%?0

od of
(p.U. 2000, 2002 G.N.D.U. 2001, 2054
’ ‘2:‘;6’

jven equatiof'is *

proof : The g ol e
a X 3 = ]
ar,x)"’:;m e ‘ . to
By the transformation 7= apxtdn cquatlon( 1) reduces
y
2 +3Hz+G=0 , )
—a’ G=aplas-3domart 2

where H= a4z

Let z=utV

Cubing both sides, We get,
z’=u’+v’+3uv(u+v)

or 2=tV +3uvz

o P-3uvz-(@+v)=0.

Comparing the coefficients of (2) and (4), we get,
-—uv=H or yv=—H
v =-H

and —(2+1)=G or ¥ +v’=-G

u’ and v’ are the roots of the equation £+Gt-H=0

[=-Gi-‘J'GZ+—4H'3
2
. 2 ’ UJ= G-\/G“f'—‘”"l}
2

The three cube
i roots OfuJ are u 2 2 g
is a cube root of unity. » 4w, uw" and those of v’ are v, v @,V ¥ wher?

NOW =

u

u+vsuchthat yy =

=-H, wh i
Therefore to find z, we should g
manner that their product is real

-

add ucs
a cube root of v and a cube root 0“.1 in $0

__— |
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oN
i'” values of
1 (f three esolware

| -H -H
-
i

— e

-

-H I €Spong;
' . — i I 0 2 ng Vulue
u MO ywm? YR —9 -y ® Sofv are
u ——

+ = ua + | =Haw?
go ¥ u |’ e ——— 2 B
u » W + = ” m]
—0
i P
ing these values of z, one by one
ofg"’c“ equation (1),

00
ﬂ:;-l- Discrlmi“““t of an Equatiop

u

|1nzr=

X+ g
I We get three values of x, which

ﬂ,,disCf'm‘"am of the equation agx" + g, n-2

X +a x
:l"“”ﬂ (().'J—cz,k)2 : Tt ay =0, is defined as

Il sj<k<
n
where % (1 S A< 1) are the roots of the

For examples let avﬁ be roots of ax*+ bx+¢= 0

dise.=a* ™V @Y= [(a + -4 op)

2
= 2 —-é _4_€ S b2 4c
a a —2—-— =b2_4ac
a a a

discriminant of aox’ +3 a, x> +3 g, x + ay = 0 is
2(3-1 2
a0’ (@) - @) (@) - ay)? (az-as)
where a,, @3, @; are roots of the equation.

I3, Discuss the nature of roots of the cubic 2+3Hz+G=0, (Pbi. U. 2010)

froof : We have

- - -H
e u+(—l-—{), uw t (—sz], um2 +(——w}.
u u u
(Reproduce Art-1 up to this)

-H
r z=y+v, uw +v w’, uw where vm

-~

oo le ym
Case I, When G2 + 4H* =0 and G # 0. then =0 e, u=v.

roots of the given equation become
] —u,—Uu
2u, u(w + w?), u @+ ) ie 2 u, - U,

tWo roots are equal.
P en G° + 4H
nm“ ZJ = 0'
) LX) 0' 0’ 0
all the three roots are equal:

jven equation

0and G=0 and hence H = 0, the g
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1 ]
Case I1l. When G* + 4H' > 0, then 1" and v” are both rey). Let

=y
g
v
: i utv,uw o i be by
roots of given equation arc ' v MW gy w? |y
one root u + v is real and other two roots are compley Foot

Case IV. When G* + 4H? < 0, then ' and v’ are comple

X conjuga“:S
and v are complex conjugates. ang hey

let u=a+ibv=a-ib
u+v=a+ibta-ib=2a

; 2 _ 2 A
nw+tve’ =@+ib)ot@-ib)w'=a(w+w )—Hb(m‘mz

—l+if3 —1-i\f3
2 2

=a(-1)+ib

=ﬁa-+-,'b(,-\/§]:
uw2+vw=(a+ib)w2+(a—ib)w=a(w2+w)+ib(w2

=—a+b\/§

all the three roots are real and distinct.

u\ ~
b\«j

~m)
(as dhg

Note : In the case when G* + 4H® < 0, then #° and v’ are both ima
algebraic method of finding out cube roots of an imaginary quantity,

case of Cardan’s solution is called Irreducible case of Cardan’
D’Moivre’s Theorem to find the solution in this case.

ginary. Ther, , |
For thig reasq,
S Solution, ; .

Art-4. Discriminant of the Cubic z3 +Hz+G=0.

(H.P.U.2001; GN.D.U. 18
We know that the roots of the equation 2> + 3Hz + G = 0

2 2 :
are utv,uw+vw and uw'+vw where 2*, v’ are given by

3 -G+,/Gz+4H3 3 -G—,/Gz+4H3
] . 1. =

2 ) 2

Leta,, a,, a; be roots of (1)

[/

HQ=utv, = uwrow  as=uwt o w

Now a -a, =(u+v)—(uw+'uw2)=u+v—uw—vw2
Sull=-wy+v (1 -wh) =1 -w) [ut+v(1+w]
-(‘"W)[“+v(—wz)] as 1 +w+w'=0
U =w) (u-v w2 il

a, —

1y 41
ay = : _ W)
3 (u+u)“(uwz+vw)‘.-—.u-{-v_uwz—v\f"’"(]

l-w){"(l +W)+v]=(1 -w)(—uwzﬂ’)

=(] "'w)["'u\gz-}.vwl]:“'z(l _“,)(__“4-[?“')
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v , ~ (0 TAUwW oWy
{a; ) (u \1'2 + v W) 261

Fuwtow w?

“Vw=

=Wl - w) (u— uw(|_w)_"w“_w)

(@~ @) (@~ @) (a3 - @y
"W u-vwd 2

W ~u+pw
O )y

N+Uw)(u_v)

W) (u-v)

=(DA-3w+ ]
v 3w2-w1)[—u‘+uvw+uvwz—v2Wz](u-U)
=(1-3w+3y2_ ])[~uz+uv(w+ w?

=(-3\v+3“’2)(u-..

)—Uz] (u-v)
v) (Mz+uv+v2)
. -1-;:'\/5*_1_,-\/'3'

s (113 -113)

2

- 3(,-\/5] _G+\/(iz~r-\4H3_—G—-1/G2+4H3
2 2

(@ —a) () —a3) (ay —ay) = f3\/§\f02+4H3 .i(2)

Disc. of (1) = (1)*® " (a; - a,)? (@) - @) (a; - a;)? [ a=1]
2
= (* {nﬁ\/cz +4H3] [~ of )]
=_27(G* + 4H’)
Cor. Discriminant of aox’ +3 ay X’ +3 @ x+a;=0. (Pbi. U. 2010)

Proof : The given equation is
aox3+3a|x2+3 02.‘(4"03:0
Put z =gy x + a

transformed equation is

£+3H:+G=0 1 (2)
Where H=0002—G1Z,G=(102a]—3 ap a\ amt2ar
Ifx,, x,, x, are roots of (1) and @1, @» & are roots of (2), then

= X +a
a|=aox|+a|.a2=aox3+a|.a] dp X3 . =
- —@y=do\\2 ™
@ —a, = ay(x) - X2 G~ = ap (% x3).42 )
= a0 (x) —X2) (x,—x3) (2= 5
(@) - ay) (a), - @) (@y—a)=d 17

el
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Disc. of (1) = ap* " (x) - x2) (x, x3)" (x3 — x3) by

1 2 2 2 \l
= dg (X)~X2)" (X) = x3)" (x3 — x3)

©ay — (0 — o) (0 —og) (0 — )
a
0

- ,.1_2_ [~ 27 (G? + 4H")]
9o

‘ 2L 7 (G*+4H%).
"0

Art-5. Trigonometric Solution of a Real Cubic with Rea] Roogg
Use trigonometric method to solve the cubic
x'+3Hx+G=0 when G*+4H’<0,G,G €R,
Proof : We know that  cos 36 =4 cos’ § -3 cos 6

Replacing 6 by +2Tn in (1), we get,

cos 3(94.232} = 40083(9+2_:—J—3005(9+337£J

cos (30 +2x) = 4cos’ (6+2§]“3c05[9+2_3n_}

= cos 30 = 4 cos’ [9+—2§r-}_3c05[9+_2£}
3

Again replacing 0 by 6 +4?7r in (1), we get,

4m ¥ An
( 3 J cos [E)+——3 J 3cos( —3 J

or cos(39+4at)=4cos 0+ 4iﬂ—3cos —n
3 ) 3
\
or €08 30 =4 coq3 9+17£ —3cos| 6 l
‘ 3 .

From (1), (2) and 3y 3 IS clear that cos B cos (9+ .’E]
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|
= — CO
4 $ 30

en equation is ()

e 81V
J+3xt G=0

ping ¥ 77 where 7 is 1o be chogep pro
(rz) *3H(r2)+G =9
JP+3HrPz+G =g

3H I
,-;]+-——Z+-—G =()
or 27,3
3H G
r r .(5)
Comparing (3) and (4), we get,
H__3
24 .(6)
G 1
d -— = —cos 360
R R R A7)
G'+4H’ <0 and G’ =0
4H? <0 = H<0 = H<0
from (6), /= — 4H > r=2y-H
G
from (7), _____i_3_=_1_11_ cos 36 = cos3f=- ZHJ‘:}T
(2H)
cos 30 = g
—4H3

Thi 7| and cos 9+i7£ are known.
 Squation gives cos 0 and so COS 6 cos| 0+ 3 3

10015 of given equation (4) are

4r

2n 1/—H cos|O0+—

2@(:059‘2 /_H coS (9+—5—J and 2 [ 3 }
[.‘. x:r:=2V—.H:]
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thod to solve £ -18x-35=0.

Example 1. Use Cardan’s M€

o P 18x-35=0
Sol. The given equation 15 %

Let x=u*tV

Cubing both sides, we get,

x3=u3+v3+3uv(u+v)

or x3=u3+v3+3u‘f)x ¢

3 3y =
or x3__3uvx_-(u +'U)‘_'0

Comparing (1) and (2), we get,

_3yv=-18, or uv==6 .

wvi=216

and @ +v°=35

. and v° are roots of the equation s 335 t+216=0

(t-8)(t-27)=0

(G.N.D.U. 2005; Pbi. U. 2005, 2003. "

A

t =8,27
Let ' =8,0° =27
L u=8,v =27
.~ x=wu+v=2+3=5Iis one root of given equation (1).
5 1 0 - 18 -35
5 25 AJ_L_.
| 5 @ 7 0

Remaining roots of (1) are given by

X+5x+7=0

po OEB-B 5103 _skif3

2 > 5

roots of given equation are § -3 \/5 |
T2

Example 2. Use Cardan’s method to solve 28 x* - 9x*+1=0.

(PbL'J‘2°°5'2007,2010,201| ;}LPJJ.zooo,ZOU*

: ziven ion
Sol. The givenequation js g 2 _ o 2+1=0

[\

~ NV
:Uul] (O
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I

S
e want 10 reduce i 1 the

4
. Te " .
l\.;l 1 \ [’ ".111""5 ."lt

(1) reduces to
X9
S L 1
H ) Or t
\ \ s ‘ | U ;n & (l

let \ Wy
] ) h] 1

\ i B L} ® 3“ " (" "J’)
) 1 il

oV Wty +3 Uy y

o ¥ =3 vy (s 1) =g
Comparing (2) and (3), we

gclv ’1,
lupv=-9

™ umn = 3 L
) ® Wiy ey
> ) .
U t .
W, rare roots of the equation

F+28042720 o

,
and - (u +v'y=2g

(r+ N+27)=0

1=~1,-27
let u' =1, =29
=1, 0=_3are one of the values of u and »s respectively
VEaurpe o ~-3“~4isoncrootnf(2)
| I,
x:;_’:. N
p n 1S one root of (1)
| 28
S 2 -9
4 " |
=9 4 -1
28 -16 . 12

remaining roots of (1) are given by
285 - 16x+ 4=
or 77 _4x+1=0

~2 - 2 G
A6 e T as2fi 2tly

i 14 14 7
1 > (
. roots of given cquation are _ 2% _3'
4’ 7

~ Example 3. Use Cardan’s method o solyg 0 6 2 _gr-7=0.

(PU2002,2012; 1y p 1 2005, 2009, 2010; Phi 1) 2010, 201 1)
Sol. The given equation i3 X -6x 61 ~T=0 ~(1)
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7 : R,

- ™ 1[5 6 'i!

Sum ol , " |

To remoye the second term we are to diminish each TOOts by, \
or y 2 i

2 ' -9 -6

-

E 0
1

Let the transformed equation be in y so that y=x_-2

transformed equation is
Y -18y-35=0
Let y=u+v

Cubing both sides, y* =1+ 1" + 3 4o (u +v)

Y= i 43 uvy
Y -3uv y=(u+ v') =0
Comparing (3) and (4), we get,

—3!11':—‘8 = uv=§6

Wl=216, ¥+’ =35
', v" are the roots of the equation
F-351+216=¢
=27 (1-8)=9
g7 B
Lot @ =27, =g

=3 y= _
3,v=2 are one of the values of » and v respectively

y"'+v=3+2=5
By equatim gy, ,_.
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P —

—IJ:.‘,I--I‘I !

S esr— VR
; ; V3

_xzx\

segee the F00LS of equation (1) re 7 M
3

,-/;mt},ku' se Cardan’s method to solve the followin

r 1;’~If’*8x~3=0 g equation :
e en o 8287 24,3 0 (P.U.2005 ; H.P.U. 2002)
wulripfying each root of (1) by 6, we get the new equation is yas ~(1)
/“{5;,2}1_6‘ Ty 6 .8y-6 3¢
s 2y - 427 <288y _gqag =
o y}~21y;+144y—324=0 A2)
Perz y=6x
Sam of theee roots = 2]
second term will be missing when we decrease each root by 7.
7 I -21 144 -324
7 -98 322
i ] 46 -2
7 -49
| 1 -7 =3
| F
I 0
!
e equation be jn z where 7=y~ 71=6x~7
¥asformed equation is 4
T-3z2-2=0
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Sope TRV ATLGERRA-| %v.u;“,.

160 I
Y <!
Lot W \
) - r 4 b % .{; >
Ao v Iuvur?) * 3 e Va2
g dJuvz (' =)0
e '
Comnpraring (3) and (4), we BEL. . 3
3 i) s uy =1 > wv=|
] N~ s ey =2
and (2 )
i, 1" are roes of the equation
£f-2141=0
et o = 1,0 =1
u=1,v=1are one values of u, v respectively.
z=u*v=1+1=2isoneroot of (3)
Now z2=6x-7 = 2=6x-17 = 6x=9
3,
< x"—z—moncmmof(l)
3 2 -7 8 -3
2
3 -6 3
2 -4 2 m
remaining roots of (1) are given by
A =2x+1=0
| =1y =0 = x=1,
5 , 3
i} “oroots of (1) are E'I'L
;" Example 8, proye by Cardan’s method that the roots of
, - - 2n 8n "
Sol, T it
ol The given equation is »* — 3 + | =0 5
Lﬂ X ™ u‘_v
1, 1
X =y ’U)‘”Juv(u-bv)
® P
u ‘" +3uvx
o P4
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’\' L7V R AN l}l(
(! N ADR
A’

ring (1) and
ﬂ‘P“ (2) We [:Ll
_Juvn=-=3

EN
NURE RN v =,
g ; S 0, S 00
' v are root T ¥
w ! SOfthe o =
. Lqumi()n !2 !

4
-'i\/ﬁ s 4 g

e i - \3
V4 * - | ii\[i
\ ) ]
l ﬁ 2 T o~ 4 ﬁ
P=sti—, v=_1 27 =
Let 2 "2t s 2
| 2
_—=rcosf
put = 5
I
N =rsing ~(3)
and
Squaring and adding (3) angd (4), we get -(4)
2 (cos’0 +sin? 9y =13
4 4
F=1 = r=]
Dividing (4) by 3), tan 6 =~ .3
Now cos & is — ve and sin € is + ve [ of (3) and (4)]

g lies in 2nd quadrant,

tan 0 =—‘/§ > tanG’Z—tan-;£ =>tan9=tan[7r—13r—]

2 2n
- g==
> tan @ =tan 3 = 3

3 i Sl a+0
' =r(cosf+isinf) or u=r [‘-‘(’_S_(g_f’fff?).,ffs".' @z +0)
1

1
u=r3 [cos (2nm+0)+isin (2”7T+9)]

0 b, 4
I Inn+0 +isin _z_’f,ﬂ.t—) where n=0, I
u= (1)3 | cos =g 3

+9 i =O,lv2'
2nn+0 oo 2n T 7 where 1
u=cos ——— t/ 3
= 2,
Inm+0 2n7*0 where uk
v= cos — 5173

ch othfr
: [ u 3andu’ areconjuvateofca

of’d‘

y and u are also conjugai
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oy

s 1w 2 CON ‘ where n = 0,1, 2. \ ;

utuT 4l 1 i

X |
e A v 0
“ ; 4 ? COS . 2 cos
e 4 CO% 4 & ‘
2n 2n
2R 2m ] A v
2c08 -3, 2008 2608 |
e l f;___Eg
b1 “r 145
y ¢ 2C08 ~—
Y cos — , 2 CO9 | &

. . v ‘;
le 6. Discuss nature of roots of the equation  x -x% -3 X+ =

Examp

(GPQD
p Iy, UZ[“,«.
Sol. The given equation is 3 =x?=2x41=0 )

aal
Sum of three roots = |

second term will be removed if we decrease cach root by l
3

] I -1 -2 I
3
2 20
3 9 29
| ,‘_2_. ) —2;(_)- 7
3 9 27
1 |
3 9
[ ._—!- 7
Z 3
' 0
l

et transformed equation be i p

transfonned,qumion o
3 7

-—~—-y+‘-2-.
Y =377 M
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LOF CUBIC AND Bl()ll,\l)l{,\n(. Eou

d'l.ln i with 7 ~L10Ns
7 paring 1OV Hy v 271
Ll
M=_1 .7
3 27
H=-l g_7
w9 27
2
: 7 3
G +4H® = (__) 1 7
No 27) *4 o)t 2By
729 79

— <
all the roots of (2) and hence al 729

.. | the ros of (1) are real
e 7. Discuss the nature of roots of gp, equation x3 41§ 5 _35 0
i .

o 3 (G.N.D.U. 2006)
en equation1s x” +18 x-35 =
Theghven 0 A1)

g it with x3 +3Hx+G =0, we get,

comparif
3H=18, G=-35
H=6’ G=-35

G?+4H> = (=35)% +4(6) = 1225 + 864 = 2089

Discriminant = = 27 (G? + 4H’) =—27 (2089) = - 56403 < 0
all the roots are real and distinct.

EXERCISE 9 (a)

[ ations for x:
Cardan’s method to solve the following equ
¥y (G.N.D.U. 2001; P.U. 2010)

m x3._27x+54=0

(P.U.2011)

iy »-15x-126=0 (P.U.2011)
i) x-30x+133=0 (P.U.2010)
, _65=0
(v) x-12x-65 - ions for x:

2. Use Cardan’s method to solve the following eQUatlonj -

v S€ ar3 . . (”.) x ~36x-
() x-6x-797 (v) ¥+3x-14=0
i) »¥-21x-344=0 (vi) £ -147x+686=0

32
(v) P 3abx+(@th) 0

. ’S methOd .
3. Solve the following cubic by Cardan

3 -6=0
B £330 @ X 6=0
j) Em 3 . ~6x-07
- (v) *
Qi) x+12x+12=0 o A+12x-1720=0

(p) _1—3_9x+28=0
Vi ¥ _a32x+3456=0
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